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Special functions and linear ODEs

@ Many of the classical special functions (Whittaker/Bessel functions,
Hermite polynomials etc), satisfy a linear second order ODE,

y"(2) +a(2)y'(2) + b(2)y(z) = 0.

o Linearity — singularities are fixed: Singularities of solutions
are a subset of singularities of coefficients of ODE.

@ For example, solutions of the hypergeometric equation,

y'(2) + wy'(z) n

2z-1) y(z) =0,

_aB

z(z-1)
only have singularities at z=0,1, co.

@ On the other hand, considering nonlinear ODEs,

ug = R(u, uy, t), R rational,

solutions generally have movable branch points, i.e. their locations
vary per solution and cannot be read off the ODE itself.



Painlevé equations: hunt for nonlinear special functions

Painlevé, Gambier and Picard (~ 1900), set out to classify all nonlinear
second order ODEs that share the nice property with linear ODEs that
the locations of singularities of solutions are fixed.

Result of classification:

P : Uyt :6u2+t,
Py : U =20° + tU + v,
1 1 1 )
Py : Uyt :fuf—fut+f(au2+ﬂ)+'yu3+—,
u t u
1 3
Py : U =—u? + ~0° + 4tu® + 2(£2 a)u+é,
2u 2 u
. 1 2 1 (U—1)2 B
PV. U = ( u_l)ut—?ut'f‘ t2 (au+;)+
Y +6u(u+1),
t u-1

Here o, 3,7,9 € C are parameters.



The sixth Painlevé equation

@ Painlevé, Gambier and Picard missed Py, in their classification.
@ R. Fuchs discovered Py, (1905),

(1 1 1 )uf (1 1 1 )
U = — + + — -+ —+ Us
u u-1 wu-t) 2 t t-1 wu-—t

u(u-1)(u~-t) 403t 402(t-1) (1-40H)t(t-1)
e (R e R (i

@ Py sits at the top of the Painlevé hierarchy, with four complex
parameters 6 := (0o, 6,01, 0. ), from which the others can be

obtained through degeneration:

Py —— Py —— Py

L

Py ——Py—— P

@ Fuchs discovered Py whilst studying deformation of a second order
linear ODE that preserves monodromy (integrability).



Origins of Monodromy

Monodromy originates in Riemann’s work (~1850s) on algebraic
functions, complex integrals and ODEs over C.

It describes how objects change when analytically continued along closed
loops that encircle singularities.

Solutions of x3 — z = 0 are cyclically permuted as z goes around z = 0.
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Solving ODEs along curves

Consider a linear ODE

Y
D _az)y,  (zeo),
dz
where A(z) a matrix of rational functions over C.
@ Both A are Y are nx n matrices here.

@ Given a curve ~ starting at a point z that avoids singularities of

A(2),
—
*
et
and an initial value Y (z) = Yy € GL,(C), the ODE can be uniquely
solved along ~.

2o



Monodromy of an ODE

If we pick a closed loop -,

we get the monodromy matrix

M., = Y (start)"' Y (end).

This defines the monodromy representation

71 (CP! - {singularities}, z9) - GL,(C),~ ~ M, .



Monodromy preserving deformation

Fuchs' work shows that Painlevé VI governs deformation in the class of
rank 2 Fuchsian ODEs with four singularities (z = 0, t,1, 00),
Y (o e Ay
dz z z-t z-1

Ao, At, A € 5[2(((:),

that preserves monodromy.

Monodromy representations (up to overall conjugation) of this class of
ODEs form a 4-parameter family of cubic surfaces,

Mg x1xx3 + X12 + x22 + x§ — W1X1 — WoXp — W3Xx3 + wy =0,
where, writing y; = 2 cos(2m0;) for j € {0,t,1, 00},
Wi = Y0Yoo + YtV1, W2 = Yt¥oo + Y01,
W3 = Y1Yeo + YOVt, Wa = Y5 + VP + YT+ Yo+ YoYeY1Yeo — 4.

The quantities x1, x2, x3 are integrals of motion of Pyy, lying on the
monodromy surface My, also called the Jimbo-Fricke cubic.



Monodromy surfaces

For each Painlevé equation Pk, a corresponding monodromy surface Mg
can be realised as an affine cubic surface

Mk = {xeC3: Rc(x) =0} (Rk a cubic polynomial).

P-egs || polynomials

P\/| X1X2X3 + X12 + X22 + X32 — W1X] — WoXo — W3X3 + Wy

PV X1X2X3 + X12 + X22 — W1X] — WpXp — X3 + W3
Pseg X1X2X3 + X12 + X02 + Wi X1 + Woxp + 1

P|V X1X2X3 + X12 —WiX1 — X2 — X3+ W»p

Plﬁﬁ X1X2X3 + X12 + X22 — Wi X1 — Woxp + 1

Plﬁ7 X1X2X3 + X1° + X2° — Wi X1 — X2

’DI?IS X1X2X3 + X12 + X22 - X1

P,Jl'\’I X1X0X3 + X1° — wix1 — X2 — 1

P|'|:N X1X2X3 — X1 — X — X3+ Wp

P| X1X2X3 — X1 — X2 + 1

See e.g. van der Put and Saito (2009) and Chekhov et al. (2015).



Riemann-Hilbert correspondence

@ Riemann (1857) had the fundamental insight that monodromy
representations determine regular ODEs uniquely up to equivalence.

@ Hilbert's 21st problem (1900) asks whether any monodromy
representation can be realised by a Fuchsian ODE.

@ Algebraic treatment pioneered by Deligne (1970) lead to
Riemann-Hilbert correspondence. In the simplest setting:

Regular ODEs on CP* - points on a
with given singularities character variety |’

o Malgrange (80's) extended correspondence on CP' to irregular
ODEs, enriching monodromy data with Stokes data. Corollary:

RH : { solutions of a } - { points on a }

Painlevé equation monodromy surface



Global coordinates

Writing
u(t) = u(t; 0o,0:,61,000, X1, X2, X3),

One can think of (x1, x2, x3) € My as coordinates of the solution space
of PVI(Q)

{solutions of Py}

Computing the value of u(t) at any given t € C~ {0,1} is only possible
numerically, but we can describe u(t) asymptotically as t -0, t > 1 or
t — oo.



Jimbo's asymptotic formulas (1982)

For generic x € My, Jimbo's (1982) asymptotic formulas for Py
tau-function imply

U,
u(t) ~ —2— (=)0 (£ 0,]arg(~t)| <),
Cot Sot

where 2 cos(2mog;) = x3,

_ +(90 +0:+ 00t ) (=00 + 0¢ + 00t ) (Oeo + 61 + 00t )

4(0oo + 61 — 00t ) 0012 ’
_T(1-200; )3 T(1+0:+€by+00: )T (1+61 +€lo + 00 )
CT(1+200:)2 25 T(1+6;+€bp— 00 )T (1461 +€0o0 —00; )

Uot

Cot

a+ b oo
Sot = #7
a= %isin(27r00t)x1 + cos(2mhy) cos(27l1) + cos(2mba, ) cos(27b;),
b= Lisin(2mog.)x2 + cos(2m8;) cos(2mby ) + cos(2mbe. ) cos(2mby),
d =4[] sin[m(6o + €(0¢ — 50¢) )] sin[7(0eo + €(61 — 00¢)) ],

e=x1



24 lines on My

27

Cayley and Salmon (1849)
showed that every smooth
cubic surface contains
exactly 27 lines.

Mg\ My consists of 3 lines.

On each of the 24 lines in
My, one of the general
asymptotic expansions
around t=0,1 and
truncates (Guzzetti '06).

Conjecture (Ramis, '22)

Every line of every monodromy surface (for all the differential Painlevé
equations and for all the values of the parameters, generic or not) is a
one parameter family of “truncated” solutions.

Conjecture has been verified for Py, Pryv, P, Pr.



Discrete Painlevé equations

Sakai (2001) classified all Painlevé equations, differential and discrete, in
terms of their initial value spaces.

P(AY) — gp(A)) = qPu(AP) = gpy(AP) = gy (A) — qp(Al) —

\ \ \ “

In green the elliptic Painlevé equation.
In blue the g-difference Painlevé equations.
In the additive Painlevé equations.

In red the classical Painlevé equations.



g-Painlevé VI

Let g € C with 0 < |g| < 1, then g-Painlevé VI is given by

- _(E-q9""t)(g-g™1)
_— a7
q VI( atO)' B (f—q+0ft)(f—q_9‘t)
BT g(F-q ) (F-q )’

where

o f,g: T~ CP* are complex functions on a discrete time domain

7 2 1 -1 -2
T:th::{"'7q+ t07q+ to, to,q “to,q th"'}v

and t varies in this domain.
o f=1f(t), f=F(qt), and similar for g,
e 0=(00,0:,01,0) € C*and ty e C* are complex parameters.



Discovery of gPy

Jimbo and Sakai (1996) derived gPv1 as governing deformation of a
rank and degree two Fuchsian g-difference system which leaves
monodromy invariant.

After normalisation, this linear system takes the form
Y(gz) = A(z,t)Y(2),  A(z,t)=Ag+zA +2°A,,
where
Ao = Hq%%t H, Ay = g 0=, o3 :=diag(1l,-1),
for some H = H(t) € GL,(C), and

|A(z,t)| = (z- q+9‘t)(z - q_e‘t)(z - q+91)(z - q_al).



Following Birkhoff (1913) and Sauloy (2002), the monodromy of such a
system is encapsulated by a single connection matrix,

C(z):= \Uo(z)_l\lloo (2),

where Wy (z) and W, (z) are meromorphic matrix functions on
CP* \ {oo} and CP* \ {0} resp. that define canonical solutions around
z=0and z = o0,
Yo(z) = 28Dy (2) 2%, Vo(z)=H+0O(z)  (z-0),
Yoo (2) = 2% FDY  (2) 27027, Weo(2) =1+ 0(z7h) (2> o),

of the linear system Y (qz) = A(z) Y (2).



Space of monodromy data

The connection matrix C(z) satisfies

(1) C(z) is analytic on C*.

(2) C(gz) =t 272" C(2)q"=".

(3) |C(2)| = constant x Gq(q‘aff)ﬂq(qw‘f)Gq(q_elz)Qq(q+elz),
where 04(-) denotes the modified Jacobi theta function.

Define the space of monodromy data M,(©, t) as the space of
matrices C(z) satisfying (1)-(3), quotiented by arbitrary left and right-
multiplication by constant invertible diagonal matrices.

This space was first introduced and studied by Ohyama, Ramis and
Sauloy (2020). They showed that it naturally comes with the structure of
an algebraic variety.



Tyurin parameters

For any 2 x 2 matrix R of rank 1, define 7(R) € CP"' by
R1=7T(R)R2, R=(R1,R2).

To construct integrals of motion, we use Tyurin parameters of the
connection matrix,

kaW(C(Uk)) (1Sk34)7 (Ul,UQ,U3,U4) :(q+9tt’q79ttaq+917q791)7

The Tyurin parameters satisfy

Tiop1p2 + T13p1p3 + T1apipa + Tozpops + Toapaps + Taapzps =0,
Tiap1p2 + Tisp1ps + Tiap1pa + Tozp2ps + Toapopa + Ta4paps # 0,

where, for any labeling {i,j, k, I} = {1,2,3,4},

UpUg up Uy ujuj uguy ’
Tij=———uiulg| —, — Tij = Tijloo=o-
u wp W17a Uj, u’ qto—b=t’ gttt |’ u U|6°_0



Integrals of motion

Forany 1<i<j<4,
Tijpip;
Tiop1p2 + T{3p1ps + Tiap1pa + Thapaps + Toupopa + Thup3pa’
defines an integral of motion of gPv;.
Theorem (Joshi and PR (23))

The six integrals of motion,

Xij =

X = (x127 X13, X14, X23, X24, X34),

lie on an explicit affine algebraic surface Mg g 1,, See next slide.
The induced mapping

RH, : {Solutions of qPv(0,ty)} > Mgo,1.(f,8) = x,

is a one-to-one correspondence, for generic values of the parameters.

In fact, RH, is a biholomorphism when identifying the solution space of
qPv1(0, tp) with the initial value space at t = to [PR 24'].



Monodromy surface Mg 4,

The algebraic surface M g 4, is defined in {x € C°}, by the equations

X12 + X13 + X14 + X23 + X24 + X34 = 0,
a12X12 + 313X13 + 314X14 + 323X23 + 324X24 + 334X34 + deo = 0,
X13X24 — b1x12X34 = 0,
X14X23 — box12x34 = 0,
where

alzznm, 334:HM’
emi1 0q (g0 0= 1) N )

as= ] Vg (O + 01+ 0s) an= ] Vg (=0 — 01+ 0o0) 7
=21 VUq (€00 +0: + 01 +0o) =11 Uq (€00 = 0: — 01 + 0c0)

=] Vg (0 — 01+ 0s) am= ] Vg (=0; + 01 +0o) 7
221 Vq (€0 +0: =01 +0o) Vg (€0 —0; + 01 + 0c)

e=+1

and similar expressions for a, b1, by, where ¥4(x) = 04(q*).



Segre surfaces

The surface Mg .4, is an affine Segre surface.
A Segre surface is by definition the intersection of two quadrics in CP*,
{x e CP*: P(x) =0} n {x e CP*: Q(x) = 0},

where P and @ quadratic polynomials.
They were introduced and studied by Corrado Segre (1884).



What can geometry tell us?

Theorem (Corrado Segre (1884))

A smooth Segre surface contains exactly 16 lines.

LY £3°
£5° £5°
L3 C5°
~ ~ @ vertices : lines
L5 L9
@ edges : intersection points
) L
B L9
4 - Ly



Mano-decompositions

00 S oo
/C £ o 93>\ o
+61 —01 +0¢ —6;

g+ q:gi '\qt N qtett q:g‘t ; (ot q./f

. Of . UII

- —_— ~ - o

+0¢ —6 +01 —61

qpt gt / [ ") \
(e \ / (@ "
0 S gy

(A) Decomposition T (B) Decomposition 1T

Writing t,, = ¢™ty, a connection matrix admits Mano-decompositions
2"C(2) = C/(2/tm) (~tm) ™7 Cf (2),
= Gy (2) (=tm) ™ Cii (2/tm),
where the components are Heine hypergeometric connection matrices.

Such decompositions were first observed in Mano's asymptotic study
(2010) of gPy1. Proven in general by Ohyama, Ramis and Sauloy (2020).

Lines correspond to reducible factors in Mano-decompositions.



Generic Asymptotics

Theorem (PR '24)

Take a generic x € Mg g,+,, then the corresponding solution (f,g) of
qPvi(0,ty) admits simultaneous complete asymptotic expansions,

FE)= S Fords(—t)72ko

n=1 k=—n

g(t) =Y ¥ Grurge(-t)"2 7,

n=1 k=-n
absolutely convergent for small enough t € q”ty, and

f(t)

Z nkr01( ) (n+2k001)

ﬁMS ||M8

t —
—; Z": G irdi(—t)~(m¥2koo)

absolutely convergent for large enough t € q”ty, with integration
constants {oo¢, ror} and {oo1,r01} as explicit functions of x and 0, ty.



Some explicit formulas

The exponents are defined through
Vq(00r = 01+ 0c0 )V (00t + 01— 00o)  T1ax13
Vq(o0r + 01 + 0o )0g (00t — 01 — oo ) " Tisxia
Vq(001 = 0t +000)Vq(001 + 0 = 0o0)  Tazxiz
Vq(001 + 0t + 000 )0g(001 — O — Ooo)  Tizxaz’
0 < Rog, Ropr < %,

where ¥4(x) = 04(¢*), and

T34x23
ot = Cot X Sot, sot = Mo | =——— |,
T23x34
T34%23
ro1 = Co1 % So1, so1 = Moy ;
T23x34

where Mp;(-) and Mo;(-) are some explicit Mdbius transforms and
 Tg(1-200:)? Fg(1+0:+ €00+ 00:)Tq(1+01+ €l +00r)
Fg(1+200:)2 251 Tq(1+6:+€bg—00e)Tg(1+ 61 + €006 —00t)
Fg(1-2001)3 Fg(1+601+€0+001)g(1+0; +€0o0 +001)
Fg(1+2001)2 2371 Tq(1+601+€60—001)g(1+0: +€0o0 —01)

Cot

Co1



Leading order coefficients

Leading order coefficients in asymptotic expansion near t =0,
_et (q0t+00¥0'0t _ 1)(q0t—90¥00t _ 1)(q91+0m¥00t _ 1)
(q01+0wﬂ70t _ 1)(qoot _ q*Uoz)z
2(q‘9: + q—Gz) _ (q90 + q—ao)(qo’m + q—Uo:)
Fl,O = 2 )
(qCTOt — q*UOr)
o 2(q90 + q—Ho) _ (q9r + q—9r)(q0’0r + q—Uo:) .
1,0 = > q
(qCTOt — q*UOr)

—-1¥0
Gra1=—-q 7% Fy .,

)

Fi.1=q

and similar formulas near t = oo, e.g.
P (q91+90¥0'01 _ 1)(q91—9[ﬁ:0'01 _ 1)(q0t+9w¥001 _ 1)
—V1
(q9t+9°ei001 - 1)(q001 - q*dol)z

)

Fl,il =q



rt history of asymptotic studies

@ Mano ('10): generic leading order asymptotics near t =0 and t = oo
of gPvyr solutions and implicit relations between them.

e Jimbo, Nagoya and Sakai ('17): conjectural complete (and fully
explicit) asymptotic expansion near t = 0 of the generic Py
tau-function, from conformal field theory.

@ PR ('24): complete asymptotic expansions near t =0 and t = co of
gPv1 solutions with explicit nonlinear connection formulas.

@ Desiraju and PR ('26): asymptotic expansion near t = 0 of the
generic gPvyg tau-function from Riemann-Hilbert theory.



What can geometry tell us?

Theorem (Corrado Segre (1884))

A generic Segre surface contains exactly 16 lines.

LY £3°
£5° £5°
L3 C5°
~ ~ @ vertices : lines
L5 L9
@ edges : intersection points
) L
B L9
4 - Ly



Truncation on lines

On the blue lines the generic asymptotics near t = 0 truncate.
For example, on the line £5°, we have o = 0; — 0y, and

oo 0
f(t) _ Z Z Fn,kré(t(_t)n+2k(9t_00)7

n=1k=-n

o 0
g(1) =20 . Guurdy (1)),
n=1k=-n
if R(0; - 0o) < 3.
On the intersection point of blue lines £5° and £9, we have ro; = 0 and
the generic asymptotics are doubly truncated,

oo 6o _ q—00
— n —
f(t) - nZ:;. Fn’o(—t) ’ Fl,O - q9z—00 — q90—9t’
oo 0¢ -0
q9° -9
g(t) = Z Gno(-1)", Gio= 6o—6 000 "
n=1 q f-agr

The latter power series solutions should be called Kaneko-Ohyama
solutions ('13,'15).



black intersection points

Let (f,g) be the solution corresponding to the intersection point
{x«(t)} = 2? nLY,

and assume R(0p — 0:),R(~0p — 01) < 5, then f(t) admits simultaneous
uniformly convergent asymptotic expanS|ons

90 —6o o0

f(t) = ﬁ t+ tEo(t) + Z Z foict"Eo ()" (t—0),
g* —q % e

F(t) = +Eo (i‘)+tlzzfnktnE () (t—o0),

6o+6 —00—6
qO l—qO 1 =2 k=0

on compact sets K ¢ CP! \ g% 20+001 \ith gK = K, where

ba(a ")
Gq(q7200+0t761 t) ’

Oq(q " "t™)
0q ( q+20070t+01 t*l) ’

Eo(t) =0 Eoo(t) = Coo

for some explicit constant factors ¢p, Coo.



Plot of f on negative real line

1.0

0.8

4

-

1
1
1
1
1
1
]
1
1

-10 | 0 10 20
Plot of f(—g") in red with r € (-15,25) and parameter values
902%, 01’:%7 01:%7 900:%7 q:exp(_% .

In dashed black and blue the series expansions around t = —co and t =0
respectively.



Sakai's classification

@A) = qp(al) — gp(al)) = Pu(al)) = py(A])) = P (AL)) — p(agt) —

\ \ \

dP(A) = ap(A*) — ap(AlDY)

\ |
PVT(D&U) - PV(Dél)) A\* P (D, ) -+ Pm D( )~

NN

pMEﬁ( E“’ — Py

(DY ))s

In green the elliptic Painlevé equation.
In blue the g-difference Painlevé equations.

In vellow the additive Painlevé equations.

In red the classical Painlevé equations.



Continuum limit 1/2

@ The monodromy surface Mg+, is an embedded affine Segre
surface of most generic type, in particular the divisor at infinity is
an elliptic curve [Joshi, Mazzocco, PR 26'].

o Taking the limit g 1 1, gPvy reduces to Pyr.

@ The limit of the Segre surface is also well-defined,

lim Mgt = Mig,
qtl

in the sense that the coefficients have well-defined limits. where the
to-dependence drops out in the limit.

@ It is still an embedded affine Segre surface, but the divisor at infinity
degenerates into two conics meeting at two distinct points.



Continuum limit 2/2

Theorem (Joshi, Mazzocco, PR 26)

The limiting affine Segre surface M g is isomorphic to the affine cubic
surface My for Py;. The isomorphism comes from a blow-up map,
between their (canonical) projective completions, of one of the
intersection points of the two conics at infinity of the Segre surface.

SO BN

Mao.t0 N Mqgo.z Mo~ Mg Mo~ Mg



Monodromy surfaces revisited

Del Pezzo (1887) studied algebraic surfaces with a degree d embedding
in CP“. They can all be obtained by blowing up 9 — d points in CP? in
general position, 3 < d <9, except for the degree 8 case CP! x CP'.

In modern language del Pezzo surfaces are projective surfaces with
ample anticanonical divisor class. (their degrees range from 1< d <9.)

@ Monodromy surface of qPVI(Agl)) is an affine del Pezzo surface of
degree 4 with at infinity an elliptic curve. [Joshi, Mazzocco, PR '26].

@ Monodromy surface of qPIV(Agl)) is an affine del Pezzo surface of
degree 6 with at infinity an elliptic curve. [Joshi, PR '22/'23].

@ Monodromy surface of Py is a del Pezzo surface of degree 3 with
at infinity a triangle of lines.

For Prv, P11, P, alternative models for monodromy surfaces exist, each
an embedded affine del Pezzo surface of a certain degree with a
particular cycle of curves at infinity, consisting of only smooth points
in its projective completion [PR and Stokes '26].



Sakai classification on the other side of RH?

Painlevé Eq. | Deg. of del Pezzo | At infinity

Py 5 pentagon
of lines
Pr 6 triangle
of conics
Prv 4 rectangle
of lines
Pyv1 3 triangle
of lines
aPrv(AL) 6 elliptic
curve
qPVI(Agl)) 4 elliptic
curve

Conjecture (Stokes, PR '26)
Painlevé Eq. | Deg. of del Pezzo | At infinity

gP(AM) d=k+1 elliptic
curve




Conclusion

@ So far, we have done everything on a case by case basis. General
theory?

@ What is the counterpart of Sakai’s classification on the other side
of the Riemann-Hilbert correspondence?

@ Does Ramis’ conjecture on lines and truncated asymptotics also
extend to all discrete Painlevé equations?

@ What about beyond dimension 2?7 Embedded affine Fano varieties
as monodromy varieties?
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