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Past and present

@ Last lecture was all about homogeneous linear 2nd order ODEs with
constant coefficients:

e the characteristic polynomial

e roots of the characteristic polynomial and solutions

@ Today is all about inhomogenous linear 2nd order ODEs:

o existence and uniqueness
e general and particular solutions

o method of undetermined coefficients

2/18



Overview of the week

In Lecture 9-1 we studied homogeneous linear second order ODEs:

y"+p(x)y’ +q(x)y =0.

In Lecture 9-2 we learnt how to solve the constant coefficient case

ay" +by' +cy=0.

In today's lecture, we study inhomogeneous linear second order ODEs:
y"+p(x)y" +a(x)y = f(x),
and we learn a method to solve the constant coefficient case
ay” +by'+cy="f(x),

for special choices of f(x), called the method of undetermined
coefficients.
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Existence and uniqueness theorem

Theorem

Let p(x), g(x) and f(x) be continuous functions on an open interval
TcR. Take a point xg € I. Then, for any u, v € R, the initial value
problem

Y +p(x)y +a(x)y=1£(x),  y(xo)=u y'(x)=v,
has a unique solution y : T - R.

The proof of this theorem is technical and will be omitted.

/A
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The general solution

Theorem

Let p(x), g(x) and f(x) be continuous functions on an open interval
IcR. Let y, be a particular solution of the inhomogeneous ODE

Y+ p(x)y" +q(x)y = f(x), (1)
and {y1,y»} be a fundamental set of solutions of the homogeneous ODE
y"+p(x)y" +q(x)y =0. (2)
Then the general solution of ODE (1) is given by
Y=YptCyi+Cy (c1, ¢ arbitrary constants).

We prove this theorem using the linearity (superposition principle) of the
differential operator

Llyl=y" +p(x)y" +q(x)y.
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Proof of theorem

Proof: We have to check two things:
(i) y=yp+ciy1 + 2y is a solution of ODE (1), for any ¢, ¢, € R.

(i) Any solution y of ODE (1) can be written as y = y, + c1 y1 + &2 2,
for some c1, ¢ € R.

To check (i), we compute

Llyp+ayi+ay]=Lly,|+alinl+caLly]=f(x)+c-0+c-0=f(x).

Soy=y,+c1y1+cys is indeed a solution of ODE (1).

To check (ii), take any solution y of ODE (1). Write § = y — y,, then
LIy] = LLy =yl = LIy] = Llyp] = F(x) = f(x) = 0.

So y is a solution of the homogeneous ODE (2), which means
V=c1y1+ ¢y, for some ¢, ¢ € R. Therefore

Y=YptV=Yptayi+ay.

The theorem follows. |
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Example 1

Find the general solution of the inhomogeneous ODE

y// +y=x ®

Step 1: find the general solution of the homogeneous ODE y” + y = 0.

Ranertenfic W P A+

i SN

Lﬂ(l):c‘-mx‘f'c-.,-W)( (c\‘<|_ WM’WDQWL‘A)
Step 2: find a particular solution to the inhomogeneous ODE.
Nete ok Ye ) = v oo pedbvinles i
“ - -

b Yy zoex=x V

Step 3: Add together the solutions found in Steps 1 and 2.
go kb Gt Gk (68 ooy ol
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How to find a particular solution

The method of undetermined coefficients allows us to find particular
solutions to ODEs of the form

ay" +by'+cy="f(x),

where a, b, c € R are constants, with a # 0, and f(x) takes one of a
number of standard forms:

(1) £(x) = Pa(x)

(2) f(x) = Pn(x)e™

(3) f(x) = Pn(x)(c1cosfBx+ casin Bx)

(4) f(x) = Pp(x)e*(cy cosBx + casin Bx)

Here P,(x) is a polynomial of degree n in each case and a, 3, ¢, ¢ € R.

Note: (1) is a special case of both (2) and (3). In turn, (2) and (3) are
special cases of (4).
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Table for the method

f(x) ansatz y,(x)
c A
Pn(x) Ao+ Aix+...+ A, x"
ce™ Ae
P,(x) e* (Apg+Arx+...+ A, x")e™
€1 COS Bx + o sin Bx Acos Bx + Bsin fx
P,(x) (¢c1 cos Bx + ¢ sin Bx) (Apg+Arx+...+A,x")(Acos Sx + Bsin 8x)
e** (1 cos fx + ¢z sin Bx) e**(Acos x + Bsin x)
P.(x)e* (crcos Bx + casin Bx) | (Ag+Arx+...+A,x")e*(AcosSx + Bsin fx)

Here P,(x) is a polynomial of degree n in each case and c¢,«a, 8, c1, ¢ € R.

Modification rule: If any of the terms in the ansatz after expanding, is
a solution of the homogeneous ODE ay” + by’ + cy =0, multiply the

ansatz by x. If the same is still true, multiply by x again. 015



Procedure of the method

To find a particular solution to the ODE
ay"+by' +cy=f(x), (3)

the procedure of the method is as follows.

Step 1: Identify f(x) as one of the forms in the left-hand side of the
table. Take the corresponding ansatz on the right-hand side

¥p(x; coefficients),

appropriately modified if necessary. In the particular solution, there are
one or more coefficients yet to be determined.

Step 2: Substitute the ansatz into the ODE (3) and determine the
coefficients.
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Example 2

Find the general solution of the inhomogeneous ODE

y' -3y +2y=¢>

St,f Lt e a‘W}MMM O0E ?"-32' 12920
Le\,w\ui(w;tq, M: K -3n+1 = P('\)
I\lc’{-a, M P(A) = (’\“ ‘\("-'1) A ’L«\’(d o AyvuY, Aeiz,

X ¥
?(x): (.e +ce
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Shpre  ondy th miled f onbdivmind ceffondt
te foh o pontuisdi 1lildn.
Q(x]:qsx =) ol ‘9?(\(\-_- Aq”‘
We wdbdie o ~ OPE:
s yrosging, s [AQ) a[ac el

5%
=13 AT s AcizA = 12 Ae

Yo l-:.l').AtjA-.‘\{-,_. |
% ‘3?(*\'- \L.\:ew S [‘N‘t‘“‘ L.,. \«(L‘j.,‘\.o;“
; i ops \ o2
Shp 3 ahd f,yﬂ« N oy ‘
?(\L)‘- ‘\L-.:es"Jcc\ex*c‘e“ (e, MW)
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Example 3

Find the general solution of the inhomogeneous ODE

y// +2yl +5y _ X2.

S&f(“ e 9"*7—‘3‘%3‘3:0
(L«M W . PN X +Ats,

Netp, POz (Ar) 44, 40
Az Y EU L AT 7_; Mdmm

B(Q-Q_(c\wfnxux A LX) (<¢»w%
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Example 3 continued

ok
¥ bt Vs

(oo =2 aite got= A BxC
Wa bk, th oma W ewn ODE

2¢C + )_(B‘rz(x)-}S(A*B“‘C"")

X’ ‘3{-1‘3 \-;\3

= 2cu\3+sA+(wc+ss)x +sCx*

' "3“"% awn s BC= | 9 C-% .
UC!-SB"O 9 B“':-;‘C'_ Yy
2C +1B4sAz0 DA = -3 (2Cab)

ol e A £)=byey

Se o
y.»(x\--;;,-;xw» -a He
o]

= Y- H-K

s Lo~ CouR ¢ LX)
x r x + Q ( * %14/15
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Example 4

Find a particular solution of the inhomogeneous ODE
y" +y =3cosx.
&\(z,ql : &w‘ y:maj w% cf 7"42:0.
w M i N+1zo,

" N
Az . 4.1_:~|‘

Catn -
FIGERNC Y tamyx (G0 wU/w'» wmlomll)
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She vty ok o bl s o A i
(bd:sw&x l/\mrjm tk wibid omat A @ x + Bamx
kh tht M&;&W ?P(\Q‘- X-(A whx + Bam ).

N-Jtz.‘. ?é 2 A wix + Bamx +x(-A~kx+E~.mx)
yp = —2A wmx +2Bu3x - X (A tesx + Baim x)
S Qt.! l.' ?‘;’QA
3 LHX = 3fl+‘9P:-2A
= -2 Ay 426 X

Comarvis '«%«M 3:2B_ 0:-24.50 Ao Bz 3.
Hone 96 (0 =2 x0mx o o pakisadin ki

Aoy 4208 Ly - X (A dx +Bamx)+ X (A L +Bamv)
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Divide and conquer

If yp,1 is a particular solution to
ay"+by" +cy=f(x),
and y, 2 is a particular solution to
ay” +by'+cy=fh(x),
then their sum y, = yp1 + yp 2 is a particular solution to
ay" +by'+cy=f(x)+ h(x).

This is another instance of the superposition principle. It allows us to
divide a complicated problem into two simpler parts.
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summary

In today's lecture, we considered inhomogeneous linear 2nd order ODEs.
We learnt about

@ an existence and uniqueness theorem,
@ general vs particular solutions,

@ the method of undetermined coefficients.
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