MATH?2021 - Differential Equations

Week 9, Lecture 2

Pieter Roffelsen

The University of Sydney
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Past and present

@ Last lecture:
o differential operators
o the superposition principle
o fundamental set of solutions

o Wronskians

e Today is all about homogeneous linear 2nd order ODEs with
constant coefficients:

o the characteristic polynomial

e roots of the characteristic polynomial and solutions
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Introduction

@ Consider the ODE
14
y' -y=0
onI=R.

@ It has solutions
X

yi(x) = €%, yo(x) =€
@ Their Wronskian equals
W,y2) =yiys —yiya =€’ (-e™) e =-1-1=-2.

@ The Wronskian is nonzero and thus {y1,y»} is a fundamental set
of solutions.

@ This ODE is an example of a homogeneous linear 2nd order ODE
with constant coefficients.
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Hom. linear 2nd order ODE with constant coefficients

A homogeneous linear 2nd order ODE with constant coefficients can
be written as
ay" +by' +cy =0, (1)

where a, b, c € R are constants with a # 0.

Since all the coefficients are constant and thus continuous on R, we look
for solutions on I = RR.

To solve the ODE, we try the ansatz

y(x) =e™.
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The characteristic polynomial

Substituting
y(x)=e™, Y (x)=xe™,  y(x) = 2\2eM
into the left-hand side of (1) gives
ay"+by +cy=aXe™+bre™ +ce™
= (aX?+br+c)e™.

For this to equal zero, necessarily aA?> + b\ +c = 0.

The polynomial
P(A\) =a)+b)+c,

is known as the characteristic polynomial.

The ansatz y(x) = e satisfies ODE (1) <=
A is a root of the characteristic polynomial P()).
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Roots of the characteristic polynomial

The roots of the characteristic polynomial

P(\) =aX+bX+c,

are given by
5o -b+Vb?-4ac
- 2a '

There are three distinct cases.
(1) b?>>4ac == p()\) has two distinct real roots,
(2) b?>=4ac == p()) has a double root,

(3) b><4ac == p()) has two distinct (non-real) complex roots.
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Case 1
o Case (1): b*>4ac.
@ The characteristic polynomial has two distinct roots A1, Ao € R
@ Therefore,

yi(x) = e, y2(x) = e
are solutions of the ODE.

@ Their Wronskian equals

w<y1,y2><x>-97 -9y

A X A ALY
= K‘\.Q -Ae . e

‘A’l' AJ e (A\ *A“) X

e

@ The Wronskian is nonzero on R, so the two solutions are linearly
independent.

@ Therefore, the general solution of ODE (1) is

y(x) = ¢ eM* + ¢, ™

where c1, c; € R are arbitrary constants.
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o Case (2): b*=4ac.
@ The characteristic polynomial has a double rootﬂe R.

@ So y1(x) = e™ is a solution of the ODE.

AX

claim: y,(x) = x e is another solution.

To check this claim, note that
12 AX N
y(x)= e +X-AQ ) v R
A B
VW)= aet+a™ xR e = ae e x e
and therefore e A
el (™ axne ) £ exe

,\X Y A
ayl +bys+cy,= a-(ae +AXQ A
:[IAal_Q,+x(o\r\"+(’,-/\+c) e

= [1-(-%\4-04’ X: 0-\ .

:('0 +X'0]erO

X

X
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Case 2 continued

Case (2): b*>=4ac.

@ The characteristic polynomial has a double root A = —2% eR.
@ The ODE has solutions
yi(x) = e, ya(x) = x e,
@ Their Wronskian equals
W(YL}Q)(X) = \ \: - : ‘
VAR A Ak A

- (M axd™) - x €

- A
2 QLA

@ The Wronskian is nonzero on R, so the two solutions are linearly
independent.

@ Therefore, the general solution of ODE (1) is
y(x) = e™(c1+ o x)
where c¢1, ¢ € R are arbitrary constants.
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e Case (3): b*<4ac.
@ The characteristic polynomial has two complex roots

_—b+Vvb>-4ac

AM=————"=a+8i,
2a
-b-Vb%2-4ac .
M=——"—79—=a-8i,
2a
where
b Védac- b2
o =———, /6 = .
2a 2a
@ The functions
yi(x) = eMx, ya(x) = %,

satisfy ODE (1), but they are generally complex-valued!
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Case 3 continued

Any complex combination dy y;(x) + db y2(x), where dy, d>» € C, also
satisfies ODE (1).

Using Euler’s formula, eZ = cosz + isin z, we rewrite
dy M + dy €% = dye(@BNX 4 gy elaBix

= eo‘x(dl ePix 1 d, e‘ﬁix)
=e™* (dy(cos Bx + isin Bx) + da(cos Bx — isin Bx))
=e** ((dy + dr) cos Bx + (dy — dr)isin Bx)
=e** (c1 cos Bx + cpsin Bx) ,

where ¢; = di + d> and ¢ = (di — dh)i.

If we ensure that ¢, ¢ € R, then
y(x) = e** (c1 cos Bx + ¢y sin Bx)

is a (real-valued) solution of ODE (1).
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Case 3 continued

Case (3): b><4ac.

@ The characteristic polynomial has distinct complex roots
/\1=Ot-|-,6i7 )\zza—ﬁi,

which are complex conjugates of each other.
@ The ODE has solutions

y1(x) = e** cos Bx, y2(x) = €% sin Bx.
@ Their Wronskian equals
W) () = pere. (oxoun )

@ The Wronskian is nonzero on R, so the two solutions are linearly
independent.

@ Therefore, the general solution of ODE (1) is
y(x) = e (c1 cos Bx + ¢y sin Bx)

where ¢1, c; € R are arbitrary constants.
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Let a,b,c € R, with a # 0, and denote by
P(A) =a) +b\+c
the characteristic polynomial of the ODE
ay" +by' +cy=0.
Then, either

(1) P(X) has two distinct real roots A1, Ay, and the general solution of
the ODE is

y(x)=¢c M 4 ¢, e, (c1,c0 €R).

(2) P(X) has a real double root A\ and the general solution of the ODE
is
y(x) = eM(c1+ e x), (c1, 6 € R).

(3) P(X) has distinct complex roots
)\1:a+ﬁi7 Azza—ﬂi,
and the general solution of the ODE is

y(x) = e** (c1 cos Bx + ¢z sin Bx) (c1,c € R).
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Example 1

Find the general solution to the ODE
y" -2y =0.
P =X -2,
Eg}w y»veymwl aM szm’é AV, Az
Tl goud wlikin of th 0DE
X -R X

" T
(¥)s C e +oe

e GG eR o by owbad
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Example 2

Find a fundamental set of solutions to the ODE

9y" +6y +y=0.

MW P(AY=9N +6A +
P(a) = (3A+0)",
e P D o dordl o ot a3

Thafoe, WMQWKZ

2(1): Qj;x {(\+ C\X‘ i

So {‘3\“\ LY, ?,(x):x.g%‘} frm o\M et
o whlon tv o oDE.
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Example 2 plot

y
1.2
1.0
0.8
0.6
0.4
0.2
0 5 10 15 20
o y1(x) =e>/3 in blue.
x/3

@ y»(x) =xe** in orange.
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Example 3

Find a fundamental set of solutions to the ODE
y"+2y"+10y =0.
CK,.; hn‘»,fn'z “l. rmaa, PR A kLA ti0
P(n) s (AW + 9,
Ar A M oL A_\:—\-l-’}‘\,

(Lr oK T 53'5)
A fodomisd ot of sokos v g by

B\M = efxwoé X, y,(y):e’xw X,
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Example 3 plot

y
1.0

0.8+
0.6+
04+

0.2+

—04+

@ y1(x) =e™cosx in blue.

@ y»(x) =e*sinx in orange.
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summary of lecture

After today’s lecture, you should

@ know what a characteristic polynomial is in the context of ODEs,

@ know how to solve homogeneous linear 2nd order ODEs with
constant coefficients.
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