MATH?2021 - Differential Equations

Week 8, Lecture 3

Pieter Roffelsen

The University of Sydney




Past and present

@ Last lecture:
o separable ODEs

e existence and uniqueness for first order ODEs

o exact ODEs

e Today:
o linear first order ODEs

e variation of parameters method
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Linear ODEs revisited

An ODE is called linear when it is linear in the unknown function y(x)
and its derivatives y'(x), y" (x),y" (x) . ...
Otherwise, the ODE is called nonlinear.

In other words, we can write a linear ODE of order n as
y(m oy a,,,l(x)y("’l) +.o+a(x)y" +a1(x)y’ + a(x)y = q(x),

for some coefficients ax(x), 0 < k < n—1, and function g(x).

If g(x) =0, the linear ODE is called homogeneous. Otherwise, it is
called inhomogeneous.

Examples: 7" ~ LodX 3 ¥s:-o {mw'
| ) whomegsnon,, O
(s 2o Xy, sth oven
y txgredEe Dmeon

Remogoriow) .
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linear first order ODEs

@ A linear first order ODE can be written as
y'+p(x)y = q(x).
e If g(x) =0 it is homogeneous. Otherwise, it is inhomogeneous.

@ We will assume that both p(x) and g(x) are continuous on an
interval I ¢ R.

@ A solution of the ODE is a differentiable function y : I - R that
satisfies
yY'(x) + p(x)y(x) = q(x).

o Example:
1
“y=5

e wdh th T
A dibin to e 0OE w0 gin by

X

y: IR, xb %

ol « ARETE ;‘:*%%*i‘a{;f'- 5. V
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The homogeneous case

o Consider the homogeneous linear ODE 0\
22 - plx\»?

y +p(x)y=0. ® Ax

This ODE is separable. Indeed we can rewrite it as

1dy
;& =-p(x)

Integrating both sides with respect to x gives

log(y) = - f p(x)dx +c, (¢ an arbitrary constant)

Solving for y gives
y(x) = eCe /PO dx,

Setting C := e, we find the general solution
x) = Ce—fp(X)dx7 .
y(x) Cro U ywzo M
"o wlibm & ®,

where C € R arbitrary. j{' e
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The set of solutions

The set of solutions to the homogeneous linear ODE
y'+p(x)y =0,

is given by
Vhom = {ce™ /PO c e R},

@ Note that Vjom is a vector space over R.
@ The dimension of this vector space is one.

@ More generally, the set of solutions to a homogeneous linear ODE of
order n is an n-dimensional vector space over R.

- Seoady _Sp(,aah ,Sp(x)olx
C\Q. e = (c\'\'(‘)e
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The method of variation of parameters

To solve the general linear first order
ODE,

y' +p(x)y = q(x),

we apply an ansatz that goes
back to Lagrange and is called the
method of variation of parame-
ters.

owaln, = educaled gurs

Joseph-Louis Lagrange

Born Giuseppe Lodovico
Lagrangia
25 January 1736
Turin, Kingdom of Sardinia
Died 10 April 1813 (aged 77)
Paris, First French Empire
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Recall that the solution of the homogeneous ODE when g(x) =0 is given

by
V(%) = Cyhom(X);  Yhom(x) = e~ PO,

where ¢ is an arbitrary constant.

For the general ODE,
y'+p(x)y = q(x),

we try the ansatz
y(x) = €(x) Yhom(x)

where c¢(x) depends on x!

8/19



Substitution

Recall yom(x) = =p(x)yhom (x). ©
Substituting y(x) = c(X) Yhom(x) into the left-hand side of the ODE gives
LHS=y +p()y = (€00 Yhan b ¥ £ C0) Yl (4
we. (W) ?D\m(x\’r c) ‘(}M(‘\*P("\C(\‘\‘ﬂﬂmm
oye (L Ron 9 + OO PLO) Phen ()OO0 9l 4
() Y w9

(B}

RHs=qW).
We vequre €00 e 00 = 1)
We thus require

iy q(x)
c'(x) = o)

We therefore set

c(x) = / ﬂdx +d, (d an arbitrary constant)
Yhom(X) 9/19
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The general solution

The general solution to <(x) = j 9 %) /5 *A
Y+ p(x)y = a(x), onte

is given by

y(X):}/hom(X)( de%—d)
Yhom (X)

= ¢~ Jp(x) dx (fq(x)efp(x) > dx + d) ,

where d an arbitrary constant.

Note that the structure of the general solution is
y(x) = yp(x) + d yhom(x),
where y,(x) is the particular solution

a(x) .
Yhom(X) 10/19

YP(X) = yhom(X)
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Example 1

Find the general solution to the ODE
y'—%y=nm. X+ ey X
We comuon D&WODE \3'-';7:0.
Thin ODE " spsnalfs - -.:')d?':;‘.
MWWW.\J‘.X: L«D?:%xﬂ-c
Sebve. fr g Y= Cox,
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Example 1 continued
Oun ww_\ob). gf\. e w\ﬂ»mwywm ODE w

\ﬂ(x):c.(x)‘x
Sulhbibute whe LHs:

\at _ _)"-: &3 - et oxt <)t - %-C(\()-X
- X)X

Equale tr RHS: ) T K X
'lh i . C()():J\;m\({-ol (‘J‘O‘MW)
%;DJQWWRM:

z(x\: X (Mm% ¢d)
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Newton's law of cooling

@ Suppose an object with temperature T(t) is in a room with an
ambient temperature T,,p that we assume to be constant.

@ Then Newton’s law of cooling says that the rate of change T'(t)
is proportional to the temperature difference T(t) — Tamb-

@ In other words, T(t) satisfies the ODE

Tl(t):_k(T(t)_ Tamb)a @

for some k > 0.

@ Given the initial temperature T(0) = Ty, what is the temperature at
time t?

m w)& ® o T'H)+ kTH)=b Tl
oog-. T'W+ kT30,

-bt
m w T)=c e,

13/19
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Newton's law of cooling, continued

Ao - T(H) = <

A v ket
LAsS = T’+Qa~T: (1) e
eas = b Tomk
'Scm: B %ﬁ»r‘w yE S&ij,e”‘f.,h ¢ d
T (ot
: Tol, 2% 4d . L
T/ﬂt w‘uw w  TMH= Q'uzt'(To,J,Q ‘-{fon
W : Tw~¢-+de‘e‘*

. Tio Toz Touk+d,
%w TH = Tonk t+ (To-Tud) e‘u‘t .
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A differential operator

Consider the differential operator
Lly]=y"+p(x)y.
It takes in a differentiable function (on I) and outputs a function.
This operator is linear, that is,
Llyr+y2] = L]+ LIy2],  Lley]=cLly],
for any c € R and differentiable functions yi, y> (on I).

Check:
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Structure of general solution

The ODE
y'+p(x)y = q(x),
can be written as
Lly]=gq.

Given any particular solution y, and any non-trivial solution yhom to the
homogeneous ODE

L[y] =0,

then the general solution is given by

Y = Yp + d Yhom (d an arbitrary constant).
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Example 3: practice class exercise 7(b)

Find the solution to the initial value problem

y/
2 4+ 3xy = x, y'(1)=0.
X
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Example 3 continued
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summary

After today’s lecture, you should be able to
o identify homegeneous and inhomogeneous linear ODEs,

@ solve linear ODEs using the method of variation of parameters.

This is the end of week 8. Next week, we will study second order ODEs.
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