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Past and present

o Last lecture:
o general introduction to ordinary differential equations (ODEs)

o order of an ODE
o linear vs nonlinear ODEs

o general and particular solutions

o Today:
o separable ODEs

e existence and uniqueness for first order ODEs

o exact ODEs
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Recap: precise definition of solutions

Consider a first order ODE in standard form,
y'=1f(xy),
where f is some function f: D — R, with D € R? an open set.
@ Let / € R be an interval.
@ A function y : | —[R is called a solution of the ODE if

(i) y is differentiable in I,
(i) (x,y(x))eD for xel, and

(iii) y'(x) = f(x,y(x)) for all x e .

For (x0,y0) € D, the problem of finding a solution to

y'=f(x,y), with initial condition y(x0) = yo,

is known as an initial value problem.
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Five types of 1st order ODEs

The five types of 1st order ODEs in standard form are
(1) y' =f(x), f only depends on x, e.g. 3 l= X

2
(2) y' =f(y), f only depends on y, e.g. 7' = ‘a

(3) ¥’ = £(x)h(y). 2 separable ODE, eg. Y' =(1+ " Wed

> Note: types (1) and (2) are special cases of type (3).

(4) y' + p(x)y = q(x), linear ODE, e.g. (}’ - ’b(? + m(d‘)
Y s - px) 7 + q(x)

(5) y' = f(x,y), nonlinear ODE, e.g. 7’ - "’“"3) te?
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Type 1

e ODE: y'=f(x)

@ By the fundamental theorem of calculus, this ODE always has a
solution provided that f(x) is continuous,

y(x):ff(x)dx+c,

where ¢ an arbitrary constant.

o Example: y'=xe*
T Lbin v o by
W (%) Sxexe+C
%Mg? - XQX_,_YLQ’(O(X + C

xe - o tc

(XY

]

1)

x-we +¢
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Type 2

R dy _
o ODE: y'=f(y) (> 7‘5-@(3)
@ we rewrite the ODE as
1L 1 dy
= f(y)dx

f———————— —
@ By the fundamental theorem of calculus, this ODE always has a
solution provided that f( ) is continuous,

x= [ —=<dy+c,
f ( )
where ¢ an arbitrary constant.

@ Here we get x as a function of y.

@ Sometimes, it is possible to write y explicitly as a function of x.

j«a\% SW)A\?
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Type 2 example

Rt

e (C7F
X-—Sé;_d\a-\—c
--'5-+<,

Sewg o9 g0
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Type 3, separable case

e ODE: y'=g(x)h(y) &) %9‘ = a(){) Q\\y]
Y

@ Such an ODE is called separable.

o we rewrite the ODE as
1 ody
h(y) dx

@ Integrating both sides, we obtain

fh(ly)dy:fg(x)dx+c,

where ¢ an arbitrary constant.

g(x)

@ In general, this gives an implicit expression for y as a function of x.

@ Sometimes, it is possible to write y explicitly as a function of x.
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Type 3 example

o ODE: cos(x)y’ - y*tan(x) =0

oot U ek i
: ‘a"z Uox - LA X
Mde

Ly'x X 7385
We ftam - L - L 4¢
2 Loy x
! o bax
43—0- y(x)-",i,‘_c' L+ ¢ Le§ X
Lo
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Type 5: nonlinear ODEs

e ODE: y'=1(x,y),

where f is nonlinear in y.
@ There are methods for solving some special nonlinear ODEs.

@ However, there is no general method to find explicit solutions to
nonlinear ODEs.

@ Nonetheless, there are theorems which guarantee existence and
uniqueness of solutions.

@ We now state such a theorem for initial value problems for 1st
order ODEs.
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Existence and uniqueness, part |

Theorem, part |: existence
Consider the ODE: y’ = f(x,y),

where f is some function f : D - R, with D ¢ R? an open set.
Let (x0,y0) € D and suppose there exists a rectangle
R={(x,y)eR?*:a<x<b,c<y<d}cD,

containing (xp, yo), such that f is continuous on R.
Then the initial value problem

y'=f(xy),  y(xo)=y,

has at least one solution on an open subinterval (a’,b") ¢ (a, b)
containing xg.
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[llustration
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Existence and uniqueness, part |l

Theorem, part Il: uniqueness

If f is differentiable with respect to y, and both f and f, are continuous
on the rectangle R, then the initial value problem

y' =f(x,y),  y(x)=yo,

has a unique solution on an open subinterval (a’, b") ¢ (a, b) containing
X0-
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Remarks on existence and uniqueness theorem

Part | is also known as the Peano existence theorem.

@ It guarantees that a solution exists on some open interval containing
X0-

@ However, it provides

(a) no information on how to find a solution.
(b) no information to determine the open interval on which it exists.
(c) no information on the number of solutions.

Part 1l is on uniqueness.

@ Under an additional condition, it guarantees that a unique solution
exists on some open interval containing xg.

@ However, it does not provide any information to determine the open
interval on which a unique solution exists.
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Implicit solutions

@ Consider the ODE
dy 2x

dx  By5-2y+1

NS 2‘-—1 9 +) o(; = 1l

@ This is a separable equation, and we can rewrite it as

{2x dx - (6y5 - 2y + 1)dy = 0.)

o Integrating both sndes@l 1 I

X2 -y 4 y? —y c (1)

= (X = - -
for some constant c. Fe ")) X a {“2 ?
o It is difficult to solve this equation for y = y(x).

@ Very often, solutions to ODEs have to be left in the implicit form
F(x,y)=c, (¢ a constant).

We call this an implicit solution to the ODE.
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Exact ODEs

@ Suppose y = y(x) satisfies

@y) =c, (ca consmnj

where F is continuously differentiable.
o Differentiating with respect to x gives

d
Fulxy) + F(xy) 5 =0.

@ Or equivalently
E(&y)dx +Fy(x,y)dy =BJ

Consider the ODE: ( M(x,y)dx + N(x,y)dy :)0) = ()()3 \ v “’2):%"‘0

We call this ODE exact if there exists a continuously differentiable
function F(x,y) on such that

M(Xv)/):FX(Xzy)? N(X’y):Fy(Xry)'

In such case, F is called the potential function.
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Example of finding an exact ODE

Find an exact ODE that is implicitly solved by

@sin(x) =c (ca const@

F ()(,*d} = 7 mx
The OOF  gone by
I (x,ﬁ)o{x + Fv(*.?) v(v zO

(Bex\]«&nx o asx)dx + x @Dk x Aﬁ zo
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The exactness condition

To determine whether or not an ODE is exact, we have the following
useful theorem.
Theorem
Suppose, on some open set D ¢ R?,

e M(x,y) and N(x,y) are continuous,

@ M(x,y) has a continuous partial derivative with respect to y,

@ N(x,y) has a continuous partial derivative with respect to x.
Then the ODE

M(x,y)dx + N(x,y)dy =0,

is exact (on D) if and only if

Equation (2) is called the exactness condition.

for (x,y) € D.

18/20


Pieter Roffelsen


Pieter Roffelsen


Pieter Roffelsen



Show that the ODE
y(e+y)dx+ (e +2xy +y)dy =0

is exact and find an implicit solution.
Mxy) = ~ae +\0 N(X.‘a)=c’< Xy 1.
M2: e +z? M(- e +2y,

The oxacbuns codiion =Ny "0 2ckisfud 2 th OOF o otad.
e bobe fir. o pitacbid fonchin Flxg),

=M= 79. +ta = F= Slae."+7‘olx+1(7)‘3J+7‘x+a\71
F,-N en.xwy =2 F: 2+X7 +.°2 + h(x)

Se FxNN= ™4 X+

! 7 ‘) c (< om wivbwp wlot)

kwém PSS I~
L (3( &imut&om
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summary

After today's lecture, you should be able to
@ ldentify and solve separable ODEs,

@ Understand the meaning and implications of the existence and
uniqueness theorem for 1st order ODEs,

@ Identify and solve exact ODEs.
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