MATH?2021 - Differential Equations

Week 13, Lecture 1
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Past and present

@ Last lecture:

o applications of Laplace’s equation

o solving Laplace’s equation on a rectangle

o Today:

o Laplace’s equation in polar coordinates

o solving Laplace’s equation on a disc
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Boundary value problems on a disc

Consider a disc of radius a >0 and let f(#) be a 2w-periodic function.

Boundary value problem on a disc

Solve the following boundary value problem for Laplace’s equation on

a disc:

Usx + Uyy =0, for x? + y? < 2%,

u(acosf,asinf)=1(0), for —m<O<m.

[/

W(n e omn e):é(@)

To solve this problem, we first transform the problem using polar
coordinates.
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Laplace’s equation in polar coordinates

@ Recall Laplace’s equation

Uxx + Uy, = 0.

@ To study steady-state temperature distributions on a disc, we
change to polar coordinates,

X =r cosb,
y=rsinf,

a>r>0, -w<O<m.
@ We are going to show that
1
D\ Az U+ uyy, = U+ U+ 5 Ugo.
@ Therefore, in polar coordinates, Laplace’s equation becomes
1

1
—Up+ Uy + — Ugo =0.
r r
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Partial derivatives with respect to the radius

For the sake of clarity, we write
U(r,0) = u(x,y) =u(rcos@,rsinf), x=rcosf, y=rsinf.
Let's compute some partial derivatives:
Ox dy

Ur:UXE‘FUyE

=uy cosf + uy sind.
U —é(u cosf + u, sinf) = Uy (X )
rr _8r X y ux - X ,Z

Ny = U (X,;)
= % (ux cosf) + % (uy, sinf) L /

Ox dy ox . dy .
= (uXXE cosd + uy, Ecos&) + (uxy P sinf + uy, 3 smH)

= (Uyy cOS? 0 + Uyy sin@ cos@) + (ux, cos@ sinf +u,, sin? 0)

= Uy €052 0 + 1y, sin® 0 + 2 u,,, cos sinf
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Partial derivatives with respect to the angle

,%(u\\?ic«s@):

8X+u dy 26
U = y N
00 00 J STvm ©
(5, u;)im’)@-F MJ\,(_/—/)
= — Uy rsinf+uy,rcosf. \__.

/v“—/
< kui‘d - ¢ MH? J)“-MG Mzi"""‘g

Uge —889( ug rsin +u, r cosf)

(—uxrsin@)+ — (u, r cosf)

o0 06

= (uXX r? sin 6 - Usy r’sin@ cosf — u, r cosﬁ)

2 2 o2 :
+ (—uyy r’sinf cos + uy, r* cos® 0 — u,, r sinf)

-

2

= Uy 17 5in% 0 + uyy, 1

c0520—2uxy r?sin cosf — ugrcos —uy,rsing.
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Putting it together

1 . -
U,,+—2U99 =Uyy c0520+uyy sin?0+2u sinf
r P e —_
. - cosf sinf
+ Uy SIN 0 + 1y, cos 0 — 2ussin 6 cos O — uy -u,—
BT, — r r

cosf sinf
Slyx + Uyy — Uy — - Uy, ——-.

— = r

Recall that U, = uy cos® + u, sin§, therefore

. cosf sin6
— (ux cos B + uy, sinf) + Uy + Uy, — Uy -u,—
r r r

1 1
4’(/, + L/,, + - (/99
r r

= Uk + Uy
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Steady-state temperature distribution on a disc

@ Consider a disc D of radius a:
D={(rcosf,rsinf):0<r<a,-w<6<m}.

@ We look for a solution u(r,0) of Laplace’s equation

1
—Ur + Up + — Ugg =0.
r r

@ We impose the boundary condition:
u(a, ) =1(0) -m<f<m.
o We further impose periodic boundary conditions

{u(r, -m) =u(r,m),

forO<r<a.
ug(r,—m) = up(r,m),

e Hidden boundary condition: we want u(r,6) to be continuous at
r=0.
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Applying the method of separation of variables

o We first look for solutions that can be written as
u(r,0) =R(r)G(9).
Note that
=R'(r)G(0), wun=R"(r)G(0), ugs=R(r)G"(9).

@ So Laplace's equation becomes

( R(r)+R”(r))G(0)+—R(r)G”(0) 0.

@ We rewrite this equation as l"t"”"'(b 07 —R®) G{Q)
_G"(0) _ rR'(r)+r?R"(r) )
G(H) R(r) -

@ )\ does not depend on r nor # and is thus a constant.
o Consequently, we obtain the following ODEs
G"(0)+ ) G(9) =0, PR (r+rR(r)-AR(r)=0
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Boundary conditions for G

U\(I‘—‘W):\Alzlv) Oc¢en

@ The periodic boundary conditions imply

R(r)G(-7) =R(r)G(7), R(r)G'(-m)=R(r)G'(r) for r e (0, a).

@ We are not interested in R(r) =0, and thus we impose

G(-7)=G(m), G'(-m)=G'(n).

@ Combined with the ODE for G(0), this yields the following
eigenvalue problem

G"(0) +AG(0) =0,  G(-m)=G(n), G'(-7)=G'(n).

@ We solved this eigenvalue problem in Lecture 12-2.
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Eigenvalue A =0

@ )\ =0 is an eigenvalue with eigenfunction Gy(0) = Ay.
@ The corresponding ODE for R(r) reads
rPR"(r)+rR'(r)=0, = R"(r)+r'R'(r)=0.

@ This is an ODE of order 1 for R'(r), with general solution

R'(r)=Ce /= Celosr= =,
r
@ Integrating, gives

R(r) = C log(r)+D (C, D arbitrary constants).

@ We require R(r) to be continuous at r =0, so C =0 and we may
thus pick Ro(r) =1.

e So
Uo(r,e) = Go(H)Ro(r) = Ao

is a solution to Laplace's equation on the disc, satisfying the
periodic and hidden boundary conditions.
12/23



Positive eigenvalues

e For every n>1, \, = n? is an eigenvalue with corresponding
eigenfunctions

Gn(0) = A, cos(nb) + B, sin(nb),

where A, and B, arbitrary constants.

@ The corresponding ODE for R(r),
rPR"(r)+rR'(r)-n*R(r) =0,

is an example of a Cauchy-Euler equation.

@ Such equations can be solved through the ansatz R(r) = r®.
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Solving the Cauchy-Euler equation
Find the general solution of the ODE

rPR"(r)+rR'(r)-n*R(r) =0.
Hint: try the ansatz R(r) = re.
R/ = w ™"
O"_'L“K\I‘F'Y_Rl_ '|.R
K (-0 + x ot
(o (ox-1) + & =)
1 (b('\- _’v\-\_\ld
Yo wzw o XM
T grod b
RE)- Cv+ DT, (€,0 anbosy conle)
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@ The general solution of the ODE for R(r) is
R(r)y=Cr"+Dr™".

@ Due to the hidden boundary condition, D =0 and we thus pick
R,(r)=r".

@ We conclude that
up(r,0) = Go(0)R,(r) = Ay r" cos(nB) + B, r" sin(n@)

is a solution to Laplace's equation on the disc, satisfying the
periodic and hidden boundary conditions.
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Applying the superposition principle

Through superposition, we obtain the following solution given by an
infinite series,

u(r,0) =Ao+ Y. Ar" cos(nf) + B, r" sin(n#),

n=1
which satisfies the periodic and hidden boundary conditions.
The final boundary condition at the edge of the disc, u(a,f) = (0), for

-1 <6<, gives

Ao+ i(An a"\cos(n0) +(B,a"sin(n0) = f()  for —m <O <.

n=1

We can thus compute the A,’s and B,’s using the standard formulas for
Fourier coefficients.
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Complete solution to boundary value problem

The complete solution to the boundary value problem is given by

u(r,0) =Ag+ > Asr" cos(nb) + B, r" sin(n6),

n=1
with coefficients
]_ e
Ag = — f £(6) do,

:27T us

1

wa

A, = [W £(6) cos(n8) db,

]_ e
B, - f £(60) sin(n0) do,
mal J-=

for n>1.
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We set the radius a = 2 and choose the temperature distribution at the
edge of the disc to be

9 2
f(9)::1—(7) for —m<f<m.
™

Boundary value problem on a disc

Solve the following boundary value problem for Laplace’s equation on

a disc:
U + Uy, =0, for x% + y? < 22,

u(2 cosb,?2 sin0)=1—(%)2, for —m <<,
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Computing coefficients

w
Bh; :ﬂl: S\l-(g)x\%(\e\vkg o)
N \
-w
A2 .
TN
N
U (1)
'v\— n3\
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Computing coefficients continued
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The solution

The solution to the example boundary value problem is given by

u(r,0) = Ag+ > Ar" cos(n) + B, r" sin(n6)
n=1

2 o 4(-1 n+1
=37 %r” cos(nf)
n=1

) ( 1)n+1

2
:§ 7r22

(E)n cos(nb).
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Plot of solution
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summary

After today’s lecture, you know
@ Laplace's equation in polar coordinates.

@ how to solve Laplace's equation on a disc.
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