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Past and present

@ Last lecture:
o periodic funtions

o Fourier series

o Fourier convergence theorem

o Today:

o Partial differential equations
o The heat equation

o Fourier sine series
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ntial Equations

Ordinary Differential Equations (ODEs)

An ordinary differential equation is an equation involving an unknown
function y(x), as well as one or more of its derivatives
y'(x),y"(x),y"(x),..., and possible the variable x.

Partial Differential Equations (PDEs)

A partial differential equation is an equation involving:
- an unknown function u(xy, X, ...,x,) depending on n > 2 variables,
- one or more of its partial derivatives

Uy Uy, Uy s cee U s Uy, s (1st order)
Uy x5 Uxi 3, Uxy x5 5 cee Ux gy Uxyxn s (2nd order)
uX1X1X1? uX1X1X23 UX1X1X37 e an—lann7 anXan 5 (3th Order)
Usixixixyy  Uxaxixixos  Uxpxixixas oo Ux ixoxoxns  UxoxaXaxny (4th order)
and possibly some of the variables x1, %, ..., x,.
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Examples of PDEs

Name: unknown function: PDE:

(! oo pmamdin)
(1-dim.) heat equation u(x,t) Up = K Uy
(2-dim.) Laplace equation u(x,y) Ugs + Uy, =0
(1-dim.) wave equation u(x,t) Upe = 3% Uy
(2-dim.) wave equation u(x,y,t) Upr = @ (U + Uyy)
Burgers’ equation u(x,t) Up + U ly = Vg
Korteweg—De Vries equation  u(x, t) Up+ U —OU U, =0

Sine-Gorden equation o(x,t) Pet — Prx +SINP =0
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Example of a solution

Show that u(x, t) = e8¢ sin2x is a solution of the heat equation
Up = 2 Uyy.-
T
Ut = -9 e t Mm 2L

Uy -.ze'gt wh 1X

Uxr = -4 Q.-yt Mn L

5!2“' »erw PDE ?wa)
LHS: -'A)Q‘af'\ﬁnl\(
RAs = - oM ax

LHs = RHS \/
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Comparison of general solutions for ODEs and PDEs

The ODE y’(x) = 2 has general solution
y(x) =2x+c,

where ¢ an arbitrary constant.

Consider now the PDE for u = u(x,y),
Uy = COSY.
Integrating both sides with respect to x, gives
u(x,y) = xcosy + h(y),
where h(y) is an arbitrary function.

General solutions of PDEs contain arbitrary functions.
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Heat equation with boundary and initial conditions

Let k > 0 and consider the heat equation
U = K Uyy.
We fix an L > 0 and look for a solution u(x,t) on the domain
{(x,t):0<x<Land t>0} =[0,L] x [0, c0),
that satisfies the boundary conditions
u(0,t) =0, wu(L,t)=0, for t >0,
and the initial condition

u(x,0) = f(x) for 0 <x < L.

@ Boundary conditions refer to conditions at the boundary in the
spatial direction.

@ Initial conditions refer to conditions at an initial time t = t;.
LI
@ A partial differential equation together with boundaryfinitial

conditions is called % bauhednrg vabne gl

- M
AN INITIAL-BOUNDARY VALUE PROBLEM .
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Physical interpretation

The heat equation with these boundary and initial conditions models the
temperature distribution in an insulated bar of length L,

( .,>...«-...-..n-'--.o-'--..--;u» '¢

X0 Xzl

over time, where

@ the temperatures at both ends of the bar, x =0 and x = L, are kept
at zero,

o the initial temperature distribution at time t = 0 is given by f(x),

@ the parameter k describes the thermal conductivity of the bar.
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Drawing of boundary and initial conditions
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The method of separation of variables

The method of separation of variables involves looking for solutions
u(x, t) that take the factorised form

u(x, t) = X(x)T(t).
Note that

ur(x,t) = X(x)T'(¢t),

u(x,t) = X' (x)T(t),
Uk (x, ) = X" (x) T (¢).

Substitution into the heat equation u; = k u,, gives

XO)T'(£) =k X"(G)T(8): \ dinde
kx ) TH

We can rewrite this as
X"(x) _ T'(t)

X(x)  kT(t)
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The method of separation of variables continued

Let us write

o XII(X)

Ai=— X00 (1)
_T(v)
C kT(t) (2)

@ By equation (1), A does not depend on t.
@ By equation (2), A does not depend on x.
@ So ) is a constant.

@ We can now rewrite equations (1) and (2) as

X"(x)+AX(x)=0,  T'(t)+AkT(t)=0.
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The boundary conditions

wx4) s X T

The boundary conditions
u(0,t) =u(L,t) =0, for t >0,

imply
X(0)T(t)=0, X(L)T(t)=0 for t > 0.

We do not want T(t) =0 and therefore we must impose

X(0)=0,  X(L)=0.

We have obtained the following eigenvalue problem
X"(x)+AX(x) =0, X(0)=0, X(L)=0,
with the accompanying differential equation
T'(t)+ Ak T(t)=0.
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Solutions to eigenvalue problem

From Lecture 11-2, we know that the solutions of the eigenvalue problem

are given by ,
Xn(x):sin(mzx), >\n=(nT7T) ;

for integers n > 1.
The general solution of the corresponding differential equation

T'(t) +Aak T(t) =0,

is given by
To(t) = bye ™t

where b, an arbitrary constant.
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For every integer n>1,
un(x,t) = X, (x) T,,(-S) = b, sin (nLLX) e‘(%)zkt7
is a solution to the heat equation
U = K Uy,
that satisfies the boundary conditions
u(0,t) =0, w(L,t)=0, for t > 0.
Applying the superposition principle

Since the differential operator L : u~ u; — k uy is linear, we can use
superposition to construct a more general solution as an infinite series

U(Xa t) = i Un(X, t) = i b, sin (ﬂ?ZX) e_(nTw)2kt7
n=1 n=1

which still satisfies the boundary conditions.
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The initial condition

The initial condition
u(x,0) = f(x) for0<x<L,

reads
nmx

) f(x) forO<x<L.

HZ::lb,, sin(

Recall from lecture 11-2 that the collection of functions
) tn>1 integer},

{ . /hmTXx
sin
L

forms an orthogonal family on [0, L]. SMn (’.‘_l)m (‘»)%’S)Jx-o
9

|

&%1, min , 77;’175|

fo f(x)sm( dx_g L in (T
L (e ) o ") el

Therefore
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Fourier Sine series

Fourier sine series

The series

>, . /NTX
HZ:; b, sin ( 1 ),
with coefficients

L
bn:%.[o f(x)sin(mzx) dx for n>1,

is the Fourier sine series of f(x).

The Fourier sine series of f(x) is the Fourier series of the following odd

function on [-L, L],
f(x) ifo<x<L -t K

./ % f '
F(x) =10 if x =0 L
SF(=x) if-L<x<0 /_‘

) L
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Complete solution

The infinite series

>, nmx w2
u(x,t) = b, sin e (') ke
2 osin (%)
with coefficients

L
bn:%fo f(x)sin(mLTX) dx for n>1,

is a solution to the heat equation
U = K Uy,
that satisfies the boundary conditions
u(0,t) =0, wu(L,t)=0, for t >0,
and the initial condition
u(x,0) = f(x) for 0 <x < L.
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We set the parameter k = %, the length L =2 and choose the initial
temperature distribution at t =0 as

f(x)=1-|x-1] for 0 <x<2.

INITIAL-Boundary value problem

Find the solution to the heat equation
Ug = 3 Uy,
satisfying the boundary conditions and initial condition
u(0,t) =0, wu(2,t)=0, for t >0,

u(x,0)=1-|x-1] for0<x<2.
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Fourier sine series

&(x\ 5 =X

The Fourier sine series of f(x) is given by

> (-1  (2k+1)7wx
(-1 (( ) )

8
Fix) = =
() =3 & k1) 2

IN'TIAL-

The solution to theVboundary value problem is given by

~

o8& (-)F  (2k+D)mx _1(@emy?
u(x,t)—p£(2k+1)25|n( 5 )e ( )
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Numerical display of solution 1
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Numerical display of solution 2

10F
8 |-
6 |-
- 0.8
41
f 0.6
2t 0.4
| 0.2
or .
0.0 . 0
X
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Numerical display of solution 3

0.0 0.5 1.0 1.5 20

u(x,0) = f(x) in blue
u(x,0.2) in orange
u(x,1) in green
u(x,2) in red

u(x,3) in purple
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summary

After today’s lecture, you

@ know how to apply the method of separation of variables to the
heat equation.

@ be able to compute the Fourier sine series of a function.

@ be able to solve the heat equation with zero boundary conditions
and any initial condition.
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