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Past and present

@ Last lecture was about

e eigenvalue problems

o orthogonal families of functions

@ Today is about
o periodic functions
o Fourier series
o the Fourier convergence theorem

o partial Fourier sums
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Fourier series

We finished the last lecture showing the following.

Suppose a function f(x) on [-L, L] can be written as a series of the form

f(x)=ao+§a,, cos(nLLX)+b,, sin(mzx), (1)
n=1

where we assume the series on the right-hand side converges nicely.
Then the coefficients are given by

1 ,L
=57 / f(x) dx,

L[ f(x)cos x, by, L./ f(x)sm

@ The right-hand side of equation (1) is called a Fourier series.

)dx (n>1).

o It is natural to ask what kind of functions can be written as in (1).

@ We find an answer to this question today.
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Background

@ Joseph Fourier first used Fourier series Joseph Fourier
to find solutions to the heat equation.

(More on this in Lecture 12-1)

o Fourier series are widely used in

. . . 2-
physics and engineering.
7 (1.2)
@ Applications include S

e acoustics !

o electrical engineering Born ean Bapticte Josern
Fourier

e optics 21 March 1768
Auxerre, Kingdom of

e quantum mechanics France

. . Died 16 May 1830 (aged 62)
e signal processing Paris, France
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Periodic functions

A function f(x) is called periodic if there exists a T > 0 such that
f(x+T)="7(x) for all x.
In that case, T is called a period of the function.

Examples:
@ f(x) =cos(x) is periodic with period T = 2.

f(x) =sin (iLX) is periodic with period T =2L, for neZ.

f(x) = x2 is not periodic.

f(x) =1 is periodic with period any T > 0.

The Fourier series

F(x)=ao+ ian cos(mzx) + bp Sin(nLLX)7

n=1

is periodic with period T =2L.
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The Fourier series of a function

Fix an L >0 and let f(x) be a periodic function with period 2 L.
Then the Fourier series of f(x) is defined by

F(x)=ao+ i an COS(nLLX) + by sin(mzx),
n=1

with coefficients

1 ,L
ao:ﬂf f(x) dx,

L.[ f(x)cos n7r X, by L/ f(x)sm

X)dx (n>1).

For N > 0, the Nth partial Fourier sum of f(x) is given by

Fn(x) =ag+ i\l: an cos(nLLX) + b, sin (mzx).

n=1
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Piecewise continuously differentiable functions

A function f(x) on an interval [a, b] is called piecewise continuously
differentiable, if we can chop up the interval into finitely many
subintervals,

[a,b] = [x0,x1] U [x1,%2] U ... U [Xn-1, Xn]s __E’__

a=Xp < X1 < Xp <...< Xp_1<Xp=b,

with

such that f(x) and f’(x) are continuous on each open subinterval
(xk, xk+1) and the following limits exist,

lim f(x), lim f'(x), lim f(x), lim f'(x),
><—>x;r X—’X: X=X X=X
for0<k<n-1.

A function f : R — R is called piecewise continuously differentiable, if
it is piecewise continuously differentiable on every interval [a, b] € R.
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Fourier convergence theorem

The Fourier convergence theorem

Fix L>0 and let f : R — R be a piecewise continuously differentiable
function that is periodic with period T =2 L.

Then its Fourier series

F(x)=ao+ i an cos(nLLX) + by sin (HLLX),
n=1

converges for every x € R.

Furthermore, for any xp € R,

e If f(x) is continuous at x = xp, then
f(X()) = f(Xo).
e If f(x) is not continuous at x = xg, then
F(xo) = %( lim f(x)+ lim f(x)).
X=Xy x—=xg

9/20



Example: the sawtooth wave

Define

X if —-m<x<m,
f(x) =
f(x+2r) forall xeR.

This function is periodic with period T = 27.

Let's compute its Fourier series with L =,

F(x)=ao+ Z a, cos(nx) + b, sin(nx).
n=1
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odd iF("L) =~ "FV/).

The constant coefficient is given by

E —i/Lf(x)dx—i/ﬂxdx—O
YRV TV

because x is an odd function.

- 15 - fogw
Similarly, ’fg(“x) i ——fPQ('L),

1 rt 1 rm
a"=Z[L f(x)cos(mzx)dX=;[ﬂxcos(nx)dx=0,

because xcos(nx) is an odd function. \(9(
even - (1) ~4tw)
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Computing the b,'s

n =

L
%[ff(x)sin(nzx)dx —I‘_ R S "f('f,) éM(_%)dz
0]

1 fﬂx sin(nx) dx
™ J-m

_1([_ cos(nx)]xzﬁ +[” cos(nx) dx)

7lr( 7Tcos(n7r) (_ ~ )cos(;nw))+[sinf1,z,x)]x-rr )

1( ) cos(n7r) sm(n7r) sm(—n7r))

T 4 o o N=o0: cos D =|
M= . cs(0)=~

1 (-1)" 0 12
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Partial Fourier sums

The Fourier series of f(x) is given by
- n+11 H
F(x)=2 > (-1)"'=sin(nx)
n=1 n
:2(sinx—lsin2x+lsin3x—lsin4x+...)
2 3 4

Some of the first few partial Fourier sums are given by

1st partial Fourier sum:  Fi(x) = 2sinx,

1
2nd partial Fourier sum:  Fa(x) =2 (sinx -5 sin 2x),
. . . 1. 1.
3th partial Fourier sum:  F3(x) =2 (smx -5 sin2x + 3 sin 3x) ,

1 1 1
4th partial Fourier sum:  Fy(x) =2 (sinx -5 sin2x + 3 sin3x — 7 sin 4x) .
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Plots of partial Fourier sums 1, 2

1st partial sum Fi(x) in orange:

2nd partial sum F,(x) in orange:
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Plots of partial Fourier sums 3, 4

3th partial sum F3(x) in orange:
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Plots of partial Fourier sums 8, 15

8th partial sum F3(x) in orange:
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Reflections on the plots

In accordance with the Fourier convergence theorem:

@ At points xg # m(2n + 1), for all neZ, the function f(x) is
continuous and we see that

,Jlm .7'—N(X0) =Xp = f(Xo).

o At points xp = m(2n+ 1), for some n € Z, the function f(x) is not
continuous and we see that
v

Jlim Fu(x0)=0= %(1 +(-1)) = ;(X'l"x"o f(x) +XILan f(x)).

17/20



Periodic extension

@ Sometimes we want to write functions that are not periodic as
Fourier series.

o Take for example the function f(x) = x2.
@ We can turn f(x) into a periodic function, with period 2, by defining

~ x2 if -1<x<1,
f(x)=1"
f(x+2) forall xeR.

This is called the 2-periodic extension of the function f(x) = x? on
[_la 1]

(x)
1.
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Periodic extensions and Fourier series

@ In general, let L >0 and given a function f(x) defined on the
interval [—L, L], we define the 2 L-periodic extension of f(x) by

if —-L<x<L,
F(x) = gf( D+ L) ifx=L,
f(x+2L) for all x e R.

o The Fourier series of f(x) on [-L, L] is by definition the Fourier
series of its 2L-periodic extension f(x).

@ The Fourier convergence theorem tells us that the Fourier series of

f(x) will converge to f(x) at all points xp € (=L, L) where f(x) is
continuous.
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summary

After today’s lecture, you
@ know how to compute the Fourier series of a function,

@ understand the Fourier convergence theorem,

@ know what periodic extensions of functions are and how to sketch
them.
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The 2nd partial Fourier sum of the 2-periodic extension of x? in orange.
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