MATH?2021 - Differential Equations

Week 11, Lecture 2

CONSULTATION 1§

Pieter Roffelsen {o0AY (-1 PM
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Past and present

@ Last lecture:
e using the Laplace transform to solve initial value problems.

e Today:

o eigenvalue problems
e orthogonal families

o series of functions
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Eigenvalue problems

Eigenvalue problem

Fix an L > 0 and define the differential operator L[y] = —y".
The differential equation

Lly]= My,

with boundary conditions

y(O)=07 y(L):O7 ‘ﬂﬁ
o L

defines an eigenvalue problem.
o A value of X\ € R, for which there exists a non-trivial solution y(x), is
called an eigenvalue.
@ The corresponding solution is called an eigenfunction.

@ The problem consists of finding all pairs of eigenvalues and
eigenfunctions.

o Eigenvalue problems will naturally come up when we study partial
differential equations in weeks 12 and 13.
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Solving the eigenvalue problem

The differential equation L[y] = Ay can be written as
y"+ Ay =0.

The corresponding characteristic polynomial is given by
P(r)=r*+\.

The nature of solutions depends whether X is positive, zero or negative.

We thus look at these three cases individually:

(1) A<0,

(2) A=0,

(3) A>0.
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Case (1): A<0

We may write A = —k2, for some k > 0. The ODE becomes
y'-ky =0,
with general solution
y(x)=c e+ e X

Imposing the boundary conditions gives
y(0)=0 — ¢ +¢ =0,
y(L)=0 = aetige*t=0.

The linear system on the right has only the trivial solution ¢; = ¢; =0,
because

s e KL ekl o gkl(1 _ g2kLy 4,

So, there are no negative eigenvalues.
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Case (2): A=0

The ODE is given by
y// — 0’

with general solution
y(x)=ca+ax.

Imposing the boundary conditions gives

y(0)=0 — a =0,
y(L)=0 = a+6l=0.

The linear system on the right has only the trivial solution ¢; = ¢; = 0.

So, A =0 is not an eigenvalue.
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Case (3): A>0

We may write \ = k2, for some k > 0. The ODE becomes
y'+ky =0,
with general solution
y(x) = ¢ cos(kx) + ¢ sin(k x).

Imposing the boundary conditions gives

y(0)=0 = «a=0 =  y(x)=csin(kx)
y(L)=0 = csin(kl)=0. =) zL TN, {num.
For every integer n> 1, we obtain a solution ne Z)e

2
ko= 22, An:("{), yn(x)=sin("7zx).

These are all the solutions to the eigenvalue problem.
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Plots of first few eigenfunctions with L =2

1.0+

0.5+

10"

@ y1(x) in blue

@ y»(x) in orange
@ y3(x) in green
@ yi(x) in red
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Eigenvalue problem with different boundary conditions

Another eigenvalue problem: (lvg
o L

Eigenvalue problem

Fix an L > 0 and consider the eigenvalue problem
y"+Ay=0,  y'(0)=0, y'(L)=0.
@ There are again no negative eigenvalues.

@ Setting A =0, the general solution of the ODE is y(x) = ¢ + &2 x.

Imposing the boundary conditions gives (o'(x] s Ca
_y,(O) = O — C = 07
y'(L)=0 = o =0.

This time Ao = 0 is an eigenvalue, with eigenfunction yp(x) = 1.
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Positive eigenvalues

e For A\ = k?, k>0, the general solution is
y(x) = ¢ cos(kx) + ¢ sin(k x).
@ lIts derivative is given by
y'(x) = —kcy sin(kx) + k o cos(k x).
@ Imposing the boundary conditions gives

y'(0)=0 = =0 = y(x)=c cos(kx)
y'(L)=0 — —kc sin(kL)=0.

o For every integer n > 0, we have a solution

nm nm\? nTXx
ky=— )\n:(T), y,,(x):cos( T )
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Plots of first few eigenfunctions with L =2

@ yo(x) in blue

@ y1(x) in orange

@ y»(x) in green

@ y3(x) in red

@ y4(x) in purple 11/20



Eigenvalue problems

Theorem
Let L >0 and consider the following five eigenvalue problems

y"+ Xy =0, y(0) =0, y(L)=0; (1)
y"+ Xy =0, y'(0) =0, y'(L)=0; (2)
y"+ Xy =0, y(0) =0, y'(L)=0; 3)
y"+Ay =0, y'(0) =0, y(L) =0; (4)
y"+ Xy =0, y(=L) = y(L), y'(-L)y=y'(L).  (5)

@ None of these eigenvalue problems admit negative eigenvalues.

e Only eigenvalue problems (2) and (5) have \g = 0 as an eigenvalue,
with corresponding eigenfunction yo(x) = 1.

@ Each of the five families has a countable number of positive
eigenvalues,
0<A1 <A< Az3< <.

with A\, - 00 as n — oo.
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Orthogonality

Fix an interval [a, b] € R. We say that two real functions ¢ and 1) are

orthogonal on [a, b] when
<H, W §pravondy
b o
[ o) w(x) ax =0,
A countable collection of real functions

{¢0a d)la ¢2a ¢3 . '}a

is said to be an orthogonal family of functions on [a, b] when

/bd)m(x)gzﬁ,,(x) dx =0 when m % n,

and e,- . )
n 3 OO = 0,0 d >0

for m;n>0.
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Infinite series of functions

Recall that, given a power series with radius of convergence R > 0,

[es] _ ~
f(X) _ Z a, (X _Xo)n’ ﬁm ()t] - ()(-Yo)
n=0
we can compute the coefficients using the formula
(n)
= f (Xo) n> 0)
n!

Theorem

Let {¢o, @1, ¢2, d3...} be an orthogonal family of functions on [a, b].
Suppose a function f(x) can be written as a series of the form

f(x)= Z)an bn(x),

which we assume converges nicely™*) on [a, b]. Then we can compute
the coefficients using

_ [) F(x)n(x) dx
S én(x)? dx

n
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Proof of theorem

oo b
(*) Nice convergence means: > lan| [ bn(x)? dx < oo.
n=0 2

Proof: Take an m >0, then
b L
[ romra= - §
b

- { An 5 ‘P%(X\‘é'm(x)"lx

B B ) B (<)lx

ol s

=

]

Qrg ¢M (x)- P, (x)olx

A
(8

_ b5 gntdh
M Am =

MENCIE

(9
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Example 1

Recall that the eigenvalue problem

y"+Ay=0,  y(0)=0, y(L)=0,
has solutions

Ap = ("T”)2 Yn(x) = sin(mzx) (n>1).

The set {y1,y»,ys,...} forms an orthogonal family on [0, L].

Check: For m # n we have

L mmxy\ . (NTX L m-n)mwx m+n)mTx
[o sin( )sm( )dx:%/o cos(%)—cos(g)dx

7 L
X
1 L . ((m=n)Tx . ((m+n)mx -
=3 [_(m— L sm( L )+ (m+nm sm( +/— ):|o=0
M
=0

L tin A im Bz L (5 (A-B) - 5 (A+5))

o

j 7.,“ (x)"dx>0 fr\, 3) .
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Example 2

Recall that the eigenvalue problem

y"+Ay=0, y(0)=0, y'(L)=0,
has solutions

)\n=(%)2, y,,(x)zcos(mzx) (n>0).

The set {yo, 1,2, ...} forms an orthogonal family on [0, L].

Check: For m # n we have

J R T A e L

t=L

1 L . m-—n)mwx L ) m+n)mwx
:_2[(m—n)7rsm(( L) )+(m+n)ﬂ'sm(( +L) )]t_

=0

= 0. A wbz b (@ (AB)F wslALB))
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Orthogonality of trigonometric functions on [-L, L]

Theorem

The collection of functions
(17TX) . (17TX) (271')() . (271')() (37TX)
1,cos| —|,sin[ ——),cos| — ] ,sin{ —— | ,cos[ —— |,
{ L L L L L
sin(gﬂ—x) cos(m) sin(nwx)
) ) e

forms an orthogonal family on [-L, L].

Proof:

¢3°" l, 2 chos (
m | /Z_sm mer sln(erX)dXZO (m+n mn>1)
(

~

m7rx

nﬂ-x)dx: o (m=+n;, mnz0)

~

dx=0O (m>0,n>1)
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Fourier series

Suppose a function f(x) on [-L, L] can be written as a series of the form
%) + b, sin(mzx), (6)

where we assume the series on the right-hand side converges nicely.

f(x)=ap+ ian cos(nﬂ-
n=1

@ Then the coefficients can be computed using the theorem on page 14:

L 1 L
12dx = 2L :7[ F(x)d
[L X = a 5 ) (x) dx,
L nmxy2 1 rt nmx
[Lcos( T ) dx=L =— a,,:Z[L f(x)cos(T)dx7
nm

[LLsin(mrX)2dx:L — b,,:%[LLf(x)sin( Lx)dx.

@ The series on the right-hand side of (6) is called a Fourier series.

@ A large class of functions f(x) can be written as in (6).

@ More on Fourier series in Lecture 11-3.
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L ~ LLAA W ) -
S (T s @ s bred L
After today's lecture, you know CALL= A wh e - 3 Ww 3
T wie~(1- wy)

@ how to solve certain eigenvalue problems,
1 ws -
So why tz E(t+wvet)
@ how to compute the coefficients in a series made out of functions

from an orthogonal family,

@ what orthogonal families of functions are,

@ some important examples of orthogonal families.

) ((x) b’ MWL)AX _ LS Q(x)m M“YMX
C('n~ . “‘rx) olX L
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