MATH?2021 - Differential Equations

Week 11, Lecture 1
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Past and present

@ Last lecture we studied

o Laplace transform

o inverse Laplace transform

o Today:

o Laplace transforms and t-derivatives

o Solving initial value problems using the Laplace transform
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Table (part 1)

Function Laplace Transform
LT 1 £(t) F(s) = f et (t) dt
0
at 1
LT 2 e (s>a)
s—a
1
LT 3 1 = (s>0)
s
LT >
4 coswt o (s>0)
. w
LT 5 sinwt I (s>0)
n!
LT 6 t", nx0 g (s>0)
LT 7 af(t)+bg(t) aF(s)+bG(s) (linearity)
LT 8 e’ f(t) F(s-a) (s-shifting)

3/17



Table (part 2) in the making

Function Laplace Transform
d" L
LT 9 (-t)"f(t) 7 F(s) (s-derivative)
Sn
LT 10 f'(t) ?
LT 11 f'(t) ?

@ We derived the right entry of row 9 in Lecture 10-3.

@ Next, we work out the right entries of rows 10 and 11.
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Laplace transform of the derivative

Claim
Let F(s) = L[f](s) be the Laplace transform of f(t), then

L[f'](s) =sF(s) - f(0).

Let's check:
_f f'(t)etdt
%L?m fets ( 0TI fy gl
taw i

Z0-1(0) - [ f(0)(-s)e "kt

—s fow F(£) e*tdt - £(0)

=sF(s)-f(0)
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Table (part 2) in the making

Function Laplace Transform
n d" R
LT 9 (-t)"f(t) 7 F(s) (s-derivative)
Sn
LT 10 f'(t) sF(s)-f(0) (t-derivative)

LT 11 F(t) ?
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Laplace transform of higher-order derivatives

We have shown that

L[g'](s) =sL[g](s) - &(0). ,®
Therefore APPLY ® WITH 3:6

E[f"](s)£5£[f'](5)—f'(o)’ APPLY ® h\TL\a;g
=s(sL[f](s) - £(0)) - f'(0),
—E 2F(s)-sf(0)-f'(0).

s e R0 - @“’) o)
o (5 Fol s (- ) - (1
DN RN QR D

Similarly,
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Table (part 2)

Function Laplace Transform
d” o
LT 9 (-t)"f(t) Jer (s-derivative)
LT 10 f'(t) sF(s)-f(0) (t-derivative)
LT 11 f(t) s?F(s)-sf(0)-f'(0) (2nd t-derivative)

Formula for Laplace transform of nth derivative:

L[FM](s) =s"F(s) - (s”_l F(0) +s"2F'(0) +...+sF"D(0) + f(”)(O)) .
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Solving Initial value problems, example 1

Use the laplace transform to solve the following initial value problem

Y(t)+y(t)=e",  y(0)=1.
Step 1: Apply Laplace transform to both sides of ODE. |
Write Y(s) = L s), then ot - —
(s) = LIy1(s) Clet )= o

= £ () = LD (1) + v (D)](5) ) mer\é/ﬁa

L)) L)) A
=5Y(9) -y (0) + Y(5)
=(s+1)Y(s)-1.

Step 2: Solve for Y(s).
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Solving Initial value problems, example 1 continued

Step 3: Compute y(t) = L1[Y](t).

y(1) :E‘I[Y](t):ﬁ‘l[ ! ! ](t)

(s+1)2 Tl

1 1
A1 =ct () + L7 [—=1(1)
ﬁ,% [(s+1)2] s+1 |
< —tp-1 1 —t
=e 'L [?](t) +e

t

=eft+e

=(t+1)e "

A et
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Solving Initial value problems, example 2

Use the laplace transform to solve the following initial value problem

y'(t)+2y"(t)+5y(t) =0,  y(0)=2, y'(0)=-4.

le's wuke  Y(8) = COYIA).

We opdy e Rl bromeform, & the 0OE:

O s(fo\(4) = C[‘a' +L\a‘ ¥ 52\(5]
: LTy re Clylare s CGAL)
R OEEY RETHORSAER OIS IO sY(4)
(s +::+s)\/(s)-u+t4 - Y

. g“ \’(ﬂ‘.: (4 +13 +s) Y (8) -9

_ 14
Y= o
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Solving Initial value problems, example 2 continued

Nk, we 40 By ardon £ 4 Y):
Tak C"[VW)' C 1 §::Zj\’a(’r\

2w

- (AFY) o2
LT 8_.\( E‘c [ 72“; 4 (M\)"n\(t)
: (: { PRI +”’X(_1')
2 LR\ - AT

312* e ot - et i ot
e'f (1 what - amat)

el

12/17


Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen



Pieter Roffelsen




Solving Initial value problems, example 3

Use the laplace transform to solve the following initial value problem

y"(t)+y(t)=0,  y(0)=1, y(0)=0, y"(0)=-1.
We e V) LUNG), ank apndy th Colug Sefo,
& th ODE:
O =(ls\m= L1y 9\
: E{;;"‘}M‘r CON G
S A 8) -4 Yl -3y le) -yt € Y1)
S (A7) Y - AT

YT aeab) A

VO = S0 7 (s el T AT
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Optional fourth example
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Optional fourth example continued
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summary

After today’s lecture, you
@ know how the Laplace transform acts on derivatives,

@ are able to solve initial value problems using the Laplace transform.
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