MATH?2021 - Differential Equations

Week 10, Lecture 3

Pieter Roffelsen

The University of Sydney




Past and present

@ Last lecture was all about power series.

e Today:

o the Laplace transform

o the inverse Laplace transform
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The Laplace transform

Pierre-Simon Laplace

Let 7(t) be a function defined for
t>0.

The Laplace transform of f is de-
fined by

LIF](s) = fo T f(t)estdt,

for s € R large enough such that

the improper integral converges. .

Pierre-Simon Laplace as chancellor of the
Senate under the First French Empire

Born 23 March 1749
EBeaumont-en-Auge,
MNormandy, Kingdom of
France

Died 5 March 1827 (aged 77)
Paris, Kingdom of France

The output L[f](s) is a function
that depends on s.
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The conjugation principle

If F(s)=L[f](s) is the Laplace transform of f(t), then, by definition,
F(t) = L7 [FI(),

is the inverse Laplace transform of F(s).

The Laplace transform (and its inverse) provide a systematic way to solve
ODEs with constant coefficients of any order.
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Laplace transform of exponentials

Claim

For aeR and s > a: .
L[e?t =—.
[7](s) = ——

Let's compute

L[e?t](s) = fom e’t-etdt

_ [ e—(s—a)tdt
0

N
lim e -ty
N—oco JO

1 t=N
i [ ec]

N—oco s—a t=0
1

. 1 (s
lim ———e ™V 4 _—
N—co §—2 s—a
1 1
0+ —=—
s—a s-a
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Table in the making

Function Laplace Transform
LT 1 £(t) F(s) = f et (t) dt
0
at 1
LT 2 e — (s>a)
s—a

LT 3 1 ?

LT 4 coswt ?

LT 5 sinwt ?

LT 6 t", n>0 ?

LT 7 af(t)+bg(t) ?

LT 8 e’ f(t) ?
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Laplace transform of 1

Claim
For s > 0:

Let's compute

Il
==
83

|
0| =
®
w0
o~
e
T
© =2

Il
3
|
| =
[
|
+
I
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Table in the making

Function Laplace Transform
LT 1 £(t) F(s) = f et (t) dt
0
at 1
LT 2 e —_— (s>a)
s—a
LT 3 1 }
s
LT 4 coswt ?
LT 5 sinwt ?
LT 6 t", n>0 ?
LT 7 af(t)+bg(t) ?
LT 8 e’ f(t) ?
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Linearity of the Laplace transform

Claim
Let a,beR and F(s) = L[f](s) and G(s) = L[g](s), then

L[f+g](s)=F(s)+ G(s).
Let's compute C_(O\%'raall‘:) = G-F(5)+ QG(/)]

it -t
C [m- + Q;\ (%) = OS(QQ‘(H +b 3(7‘)?}” dt
% -5 0\'%("’] ¢ 4 S (r-a(f) Mol

- a- C[G\(’ﬂ + ?r [:YQV“)
N O 4R
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Table in the making

Function Laplace Transform
LT 1 £(t) F(s) = f et (t) dt
0
at 1
LT 2 e —_— (s>a)
s—a
LT 3 1 1
s
LT 4 coswt ?
LT 5 sinwt ?
LT 6 t", n>0 ?
LT 7 af(t)+bg(t) aF(s)+bG(s) (linearity)
LT 8 e’ f(t) ?
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Laplace transform of cosine

Claim

For s > 0:
s

L[coswt](s) =

s2+w?’

Let's compute

E[coswt](s):[ coswt- e *'dt
0

Jim ; coswt e”dt‘\‘w\hm Qr\)]wihw

“*t(wsinwt — scoswt)]

[im
N—oo | 62 + w2

t=0
- -sN _
—,Jl_[noo 22t (wsinwN —scoswh) (O s)
=0+ s = s

s2+w? 2 +w?
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Numerical display of limit

Y
015

0.10 -

0.05 -

/\AAVAJ N
1 v 3 4 5

~0.05 -

-0.10 -

Plot of
1

y(N) =

e N (wsinwhN - scoswh)
+ w?

with w =5 and s = 1.
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Table in the making

Function Laplace Transform
LT 1 £(t) F(s) = f et (t) dt
0
at 1
LT 2 e —_— (s>a)
s—a
LT 3 1 1
s
LT °
4 coswt 2. (s>0)
. w
LT 5 sinwt I (s>0)
LT 6 t", nx0 ?
LT 7 af(t)+bg(t) aF(s)+bG(s) (linearity)
LT 8 et f (1) ?
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Exponential shift (s-shifting)

Claim
Let F(s) = L[f](s), then

L[e**f](s) = F(s - a)
I RN R T
e(” odm‘oH
5 c() -5- a)f A
o (050
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Table in the making

Function Laplace Transform
LT 1 £(t) F(s) = f et (t) dt
0
at 1
LT 2 e —_— (s>a)
s—a
LT 3 1 1
s
LT u
4 coswt m (5 > 0)
. w
LT 5 sinwt m (5 > 0)
LT 6 t", nx0 ?
LT 7 af(t)+bg(t) aF(s)+bG(s) (linearity)
LT 8 e f(t) F(s-a) (s-shifting)
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Example 1

Compute the Laplace transform of the function

f(t) = cos(2t)e®".

Qe lone B Clamtn) W) = 2

By 4 thfly,

[ (et et () L [wet)(5-3)
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s-derivative

Claim
Let F(s) = L[f](s), then

L[EF](s) = —%F(s).
4o de
Ol‘S o

275 & Ui & dt
“( () e At
S5ewe de
o erefae)

Let's compute

LFs)=

(Y
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Higher-order s-derivatives

Higher-order s-derivatives
Let F(s) = L[f](s), then

£ 1(s) = (1)

F(s).

Corollary
For s >0 and n>0:

L") = o
MRS Ry i; L6

_(_ﬂ“‘i .—l-: ,L \/
p)

\\

L)

- 0‘“ 4 /)V\-\'\
J l § oL-d-t
\ - —T = "a- 3
. —_ — . = - 4 )
V\:\‘—&ﬁé 4 N dﬁ"‘s 0‘5
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Function Laplace Transform
LT 1 £(t) F(s) = f et (t) dt
0
at 1
LT 2 e (s>a)
s—a
1
LT 3 1 = (s>0)
s
LT >
4 coswt o (s>0)
. w
LT 5 sinwt I (s>0)
n!
LT 6 t", nx0 g (s>0)
LT 7 af(t)+bg(t) aF(s)+bG(s) (linearity)
LT 8 e’ f(t) F(s-a) (s-shifting)
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Example 2

Compute
ol [ s+1 ]
s2+4]

o [;:L\m- C i m\“
A4 ')l-“-\(ﬂ
(M(’-f) + ‘%C [ g‘a,vl’\kﬂ

o () + L aym 2t

\YJ
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Example 3

COIpute

A -4y = (A-2) ()
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Example 3 continued
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summary

After today's lecture, you are
o familiar with the Laplace transform,

@ know how to compute the Laplace transform of elementary
functions,

@ know how to compute the inverse Laplace transform of simple
rational functions.
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