MATH?2021 - Differential Equations

Week 10, Lecture 2
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The University of Sydney
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Past and present

@ Last lecture:

e method of variation of parameters

o method of reduction of order

o Today:

@ power series

o the power series method
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Unsolvability

@ We now know a number of methods to find solutions to linear 2nd
order ODEs

y" +p(x)y" +q(x)y = f(x). (1)

@ However, each of the methods only works under special
assumptions, like
o the coefficients are constant, or
o we already have a solution to the homogeneous ODE
y"+p(x)y" +q(x)y =0.

@ Similar to the fact that we cannot solve many quintic equations
using radicals, like
X2 +3x* - 2x+7=0,
we cannot solve every ODE of the form (1) using integration,
differentiation and our standard collection of elementary functions,

x", €%, cosx, sinx, logx,
as well as their inverses.

@ This is a feature of ODEs, not a bug.
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Example: Airy functions

Airy's equation
"
y o =xy
gives rise to new functions Ai(x) and
Bi(x).

They were historically derived by Sir G.B.
Airy to study supernumerary W rainbows:

2

Sir
George Biddell Airy
KCB FRS

George Biddell Airy in 1891
Born 27 July 1801
Alnwick, Northumberland,
England
Died 2 January 1892 (aged 90)
Greenwich, London,
England
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@ We cannot solve ODEs like Airy's equation in terms of finite
expressions involving elementary functions, integration and such.

@ However, there still exist numerical and analytic methods to study
them.

@ One such analytical method is the power series method, which
gives an infinite expression for solutions.
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Power series

Power series

An infinite series of the form

[e55)

Y an(x—x0)",

n=0

where x is a variable and xg and ag, a1, a», ... are constants, is called a
power series in x around xg.

@ The dummy variable n is called the summation index.

@ The constants ap, a1, a», ... are called coefficients; a, is called the
nth coefficient of the power series.

@ Power series can be used to represent functions,

1 oo
(a) 15" > x" for -1<x<1. (geometric series)
- X n=0

0o n

(b) e =>" X—l for x e R. (exponential series)
n=0 M
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Convergence

Radius of convergence

Any power series

Y- an(x =x0)", CONVERGENCE
n=0 A
has a unique 0 < R < oo such that ~ ——

(1) the series converges for [x — xp| < R,
(2) the series diverges for |x — xo| > R.

R is called the radius of convergence.

(a) The geometric series ) x" has radius of convergence R = 1.
n=0
Xn
(b) The exponential series Z — has radius of convergence R = co.
n=0 "

o5}

Flm)(
(c) The Taylor series Z XO) x" of a function f(x) can have radius
= n!

of convergence R =0,00 or 0 < R < o0. s
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Differentiating power series

Power series can be differentiated term-wise:

P(x) = Z)an(x—xo)",
P'(x) = Znan(x—xo)”‘l,

P"(x) = in(n— D)an(x - x0)"2,

The radius of convergence remains unchanged under differentiation.

Xo20 : P(x)-a°+av+q\x i
Plxy s 0+ Ay +1mX F30 Fuanx ¢

p') = o + O k1 £ 1K tqanX Fo -
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Shifting the summation index

We are free to shift the summation index. For example, consider
P'(x) = Z nan(x—x)"
Setting k = n—1, we have W= Qel.\ 'e, L0,
P'(x) = Z(k + 1)age1(x - x0)".

k=0

Since k is just a dummy variable, we can replace it by n:
P'(x) =Y (n+1)an1(x—x)".
n=0

e Atd B sumatior ke By 10 1
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The power series method

To apply the power series method around xp to a 2nd order linear ODE,

y"+p(x)y" +q(x)y = f(x),

" o

follow the following steps: 9 - ? = xt

(0) If possible, rewrite the ODE in the form X 7" + x’ﬂ = 14X
Po(x)y" + P1(x)y" + Pa(x)y = F(x),

where Py(x), P1(x), P2(x), F(x) are polynomials. This step is not
necessary nor always possible, but can greatly simplify the
computations.

[}

(1) Substitute a power series y(x) = " a,(x —xo)" into the ODE.
n=0

(2) Using the shifting of summation indices, ensure that all powers are
aligned and read of the relations among the coefficients.

(3) recursively compute the coefficients.
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Example 1

Apply the power series method around x = 0 to the ODE

y" +y=0.
(Wat e W b Z(x): C\Mx+c._4»'nx)
‘j(x\ z G X [4\(")'\4-7.]

-
Z"m- i n ) amw X = 7 ()M Aya X
M=o

Slotifichion ke the ODE .

(3 2"‘1'2 S Z () (k) q"\l‘tx‘“ * nZ:o a-x
N0

T (i) ) Oy X 4 G X7

N3 "~
% ‘E‘v\h.] (n+) Qe ¥ q\\X
M=o

(N}

(Y}
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Example 1 continued

(ML) (Mb) Ayq + Am =0 év\ M LAY

mMWKWWW fo the cfffiuns

a —_— (n3
M (m--:.) (ne) g

Mswm%&

N=O : Aq = - :Ej: Ao

- . .

ws) ﬂg:-—gz.a. ‘
n- v o Ay = - «;“—';5-'0\.,_’. 92
n=zu:: Qg = !
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Example 1 continued

wn
‘3()(\: Ao + A% ta T F oy H A F
. S
7(q°+q\.x +a“x“+‘~-‘)+ (q‘x+a\->)<"+ As X *‘“)

) - ___l__, “- _ -L, b | S—
- qo("‘:)‘ t ((.3.14)( ~ -)+ q‘(x 3’1\\)( + .S.Vl.}.l.‘x “)
W
Gy X M X

)

Ay (DX + A, Yn X
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Example 2 (a)

Consider the linear 2nd order ODE

(1+x%)y”" +5xy" +3y =0.

(a) Substitute a power series y(x) = >_ a,x" into the ODE and derive a
n=0
recurrence relation for its coefficients.

[~ N Se ~
_ X = I 3 A X
3 (b(ﬁ - Eo 3 @ N=o

7 wan™ = ‘E‘Sna xn':i.s““"‘“
S.x'a.(x): SX‘ ‘VAZ‘.\“ h B No " - Mo
T i P R Lo
-\ - —
X‘L'vl: (‘\ - X\'“; w(n et LY

. o0 N
'a"(x\ z % nlne1) Ao X" 1“]: “:Zo(“*?-)(m\\) Angr X

LI ER Y
[’h 0
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Example 2 (a) continued

Sulotibue

O: 3"+X\‘a“’l‘sxv‘+32
i " Lsna.X + 234X
S 7 (AL Gy K™+ M) A X F ST A A~
N0

m
‘E Y_(nm (aw Anga 1 (T EST +3) g:,] X
no

(3}

{ [ (man) (wa) Aner t (“*‘ 1) (ma) q‘\] X"
N:=b

We ¢ LA (ME) (A Anp + 0 (M) Aam =0

S
Ana =~ Sn

v
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Example 2 (a) continued
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Example 2 (b)

(b) Given in addition the initial conditions y(0) =1, y’(0) = 0, derive the
values of the first few coefficients a,, 0 < n < 6.

Siraae.

2(x):0\°+a.‘x+m‘+.--. we vwm. ’(pwk 90):% g'(o)-a.,

M fﬁm W m\JwtaM 2‘0)‘\ (0) 0D Ao\ &,.:0

“cw- My\ tk‘wm an.-"v;\\?;_q

LA
M= .
n-=2a:
ny’
Ny

3
al:"‘%ao:'i‘
Ay = - 2} Qa,=9
s N 1S
Gu=z -2, 22 - 2
" zq-. i
qS:“s-‘ax:o
Q(:-i. :-}_._—-’5.3:_.'_0_5_
€ A €42 u
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summary

After today's lecture, you know how to
@ substitute a power series into an ODE,
@ derive a recurrence relation for the coefficients,

@ compute the first few coefficients.
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