MATH?2021 - Differential Equations

Week 10, Lecture 1
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Past and present

@ Last lecture was about inhomogeneous second order linear ODEs:

o existence and uniqueness
o general and particular solutions

o method of undetermined coefficients

@ Today we continue exploring inhomogeneous linear 2nd order ODEs:

o method of variation of parameters

o method of reduction of order
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Limitations of the method of undetermined coefficients

The method of undetermined coefficients allows us to find particular
solutions of ODEs of the form

ay" +by'+cy="Ff(x),

where a, b, c € R are constants, with a # 0, only when the forcing function
f(x) is of the particular form

P(x)e**(c1 cos Bx + ¢psin Bx),
with «, 8, c1, ¢ € R and P(x) a polynomial.

In particular, it cannot be applied to the ODE

2x

"-3y'+2y= :
A A e

To solve this ODE, we require a different method.
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The method of variation of parameters

We wish to solve the inhomoge- Joseph-Louis Lagrange
neous linear 2nd order ODE

y'+p(x)y" +q(x)y = f(x).
Suppose we have a fundamental set
of solutions {y1, y»} of the homoge-

neous ODE

y"+p(x)y’ +q(x)y =0.

Lagrange's method of variation of | g, T

parameters starts with the ansatz Lagrangia
25 January 1736
Turin, Kingdom of Sardinia
Died 10 April 1813 (aged 77)
Paris, First French Empire

Yp(x) = tn (x)y1(x) + t2(x)ya(x).-
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Substitution

We impose a cleverly chosen condition,

u{y1+téyz=0,|

which will simplify the first and second derivative of y,:
Yp =i y1+ U2y, -0

!

A A ! A A 4
Yp=tiy1t oy, tupy1+ Uy ya=uU1 Yy + U2 Yo,

" " " ! ! ! A
Yp =ty U2y, T Ui yy + U Yo

Substitution into the ODE gives
f(x) =y +pP(x)y, +a(x)yp
=i yy o yy + Uiyt uyys+p(X)uiy] + p(x)uays
+q(x)ury1 + q(x)uz yo
=u(yy + P01+ q()y1) + u2(ys + p(x)ys + q(x)y2) + Uy yi + Uy v

=up-0+ur-0+ Uy yy + Uy ys e(x)_u, y:'l‘M{ 7‘:
- \
=Upy{ + U Y. 52
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The remaining two equations

The problem has been reduced to solving the following two equations,
upyr+uyy2 =0,
Uy yy + U3y = £(X).

We can rewrite this in matrix form,

yioy2f, uy |0
i v |w] [f(x)
The inverse of the matrix on the left is

-1 -
[Yl Y2] _ 1 Y2' —Y2

}/1, )/2, N W(yl,yz) |1 N

EMEET AN
]

Therefore

[u{]: 1 [yz’ —Y2].[ 0o]. 1 [—yzf(X)]
ul Wy |- n fC)] W, y) [ nf(x) |
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Formulas for the coefficients

We have derived

UI(X)=— y2(X)f(X)
' W(y1,y2)(x)’
ey AOOFC0)

B W(y1,y2)(x)’

where W(y1,y2) the Wronskian of y; and ys.

Integration gives

) - - [LOFC0)
Wy, y2)(x)
us(x) = de

Wy, y2)(x)
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Conclusion

The method of variation of parameters

Let p(x), q(x), f(x) be continuous functions on an open interval I ¢ R.
Suppose {y1,y»} is a fundamental set of solutions of the homogeneous

ODE
y"+p(x)y"+q(x)y =0,
then
Yp(x) = u1(x)y1(x) + u2(x)y2(x),
with
y2(x)f(x)
4092 Wm0
a(x) = y1(x)f(x)

" Wiy ()

is a particular solution to the inhomogeneous ODE

y"+p(x)y" +q(x)y = f(x).
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Example 1

Find a particular solution on I =R to the inhomogeneous ODE
X

” / - ( ) 1’
= 2y = . “ X))z —=7
Y oYy =g t+e™
Step 1: Find a fundamental set of solutions {yi, y»} of the homogeneous

equation
y"-3y"+2y=0.

Renatirvalic Mypanial, = P10 2 KA 4L

Neke  P(n) = (N-0) (A1),
o ‘3\(2):0-*, w(x):e‘x @m\ " Wl
ko ki

Step 2: Compute the Wronskian of y; and y».

(/O(;‘: 1\’- y' 0 _‘\e* e 'JQSX
G g:\ AL
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Example 1 continued

Step 3: Apply the method of variation of parameters.

e :\x’& ‘3‘:: u\(x)\a\u\at u\m%(x), wﬂm
u\m-.-gcam-[, O‘XT—XE’:(_. * o\#“SQK dx

N“a\"a“l-\ e.s\( H’QK l'l'Q_x
z - (H-ex)
% X
U (X) = S -(a-‘—'&-—-'(\;‘_g SR de= | —— dx
w3y e tte [+e*

(N

|+e-e _ Cre? X S
5 |+ dx = S——--Q' Jx:gl—e

the® 4o trex 7%

X_O«o(ue )

%(HQ et (x-lylke) -
W oo M\hMLA w@i««
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Example 2

Find a particular solution on I = (0, c0) to the inhomogeneous ODE

1 1
y'==y'+ Sy =logx.
X X

Hint: y1(x) = x and y2(x) = xlog x are solutions to y" - %y’ + %y =0.
Waarion of 9. ond 9, b
-1 9, % X lmx| i
Lo(Y ')1\ = ‘:3: ?2{\ =] L;?m‘ -X(%xh) - XL)X > X
W, puk
yf,-. (A.'(a‘f uto‘?’.
widh
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u.:-jﬂ_f\_w o\x:-JXM«);’ Ko\x:-Sﬂa?(x)‘Jx

(«)l‘a\,v,\ ‘
< [l (xloguen) - S 300y (whpetion by poat)
T - X me(x)‘m%w § &3" -1 dx

- - % ()" +2x bogX - 2%
o = 5;%;4““ § 2l des (lada = sy -

Butoy 4 A e, ot e potide, Ll
?P-_u.‘a,w\;,:(-x%(x}‘+LxQ,)x,7_x).x+ (XQ?X,X)‘XQ?X

- x‘&zx —x"
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Method of reduction of order

Consider again the inhomogeneous linear 2nd order ODE

y'+p(x)y" +q(x)y = f(x).

The method of variation of parameters requires us to know two linearly
independent solutions of the homogeneous equation

y"+p(x)y’ +q(x)y =0.

What if we only know one non-trivial solution y; (x) to the homogeneous
equation?

In that case, the method of reduction of order allows us to transform
2nd order problem — 1st order problem,

and find the general solution.

13/20



The method in theory 1/2

Consider the ansatz
y(x) = u(x)y1(x).
The first and second derivative are given by
y'=u'y+ uy,

" i ror "
y"=u"ys +2u'y] + uyy'.

Substitution into inhomogeneous ODE gives

f(x)=y" +p(x)y" +q(x)y,

=u"y1 + 20"y + uyy + U’ p(x)y1 + up(x)y1 + ug(x)y1,

e

=u"y1 + 0 (21 + p(X)y1) + u(y + p(x)y1 + q(x)y1)
\—-——d/_\)

=u"y1 + ' (2y] + p(x)y1) + u-0 =0

za V2 e +POY)
=u"y1 + ' (2y1 + p(x)y1).- R(x) = 3‘1-14 (7.‘3 + &)

Note: this is a 1st order ODE in v := v,

14 /20
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The method in theory 2/2

We have the following 1st order ODE for v = ¢/,

v/ M x)|v= f)
+(zyl(xf”( )) ()

We can solve this ODE using the method of variation of parameters
for 1st order ODEs. The general solution is

vix;c)=n (x)_2e_ Jp(x)dx (fyl(x)f(x)efp(x)dx + c1)

with one arbitrary constant ¢;.

Next, we integrate to obtain
u(x;c1,6) = fv(x; c)dx + c.
Putting it all together, we obtain the general solution

y(x) = (/v(x; c)dx + Cz)yl(X)

to the original inhomogeneous 2nd order ODE, with two arbitrary

constants c¢,6o. 15/20
5



The method of reduction of order in practice

To find the general solution of
Y+ p(x)y" +q(x)y = f(x),
given that you know a solution y;(x) of the homogeneous equation

y"+p(x)y’ +q(x)y =0,

follow the following steps.

(1) Substitute ansatz y(x) = u(x)y;1(x) into the ODE to obtain a 1st
order ODE for v := v/

(2) Find the general solution to the 1st order ODE for v.
(3) Integrate the general solution found in step (2) to find wv.

(4) Substitute result for u into y(x) = u(x)y1(x) and simplify if
possible. This is the general solution.

16/20



Example 3

Find the general solution on I = (0, c0) to the inhomogeneous ODE
1,1 1
y'+>y'e —Sy==+1
X 5 X

Hint: y1(x) = x is a solution of y" + %y’ Y Xlzy =0.

:

M~j, S U X

Comals + 72wk
Wix F uf e T ouhx ok

" t o N
X~ Y x 0 ~ | .
wixtiw Fo(wxtu) - @
wx U

s
\ \

L
+
“ tl
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Example 3 continued
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summary

After today’s lecture, you will be able to solve many more 2nd order
inhomogeneous linear ODEs, using

@ the method of variation of parameters,

@ the method of reduction of order.
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